Integrals

IOE

e Integration is the inverse process of differentiation. If dx £ I:'T}, then we can write
lg(x)dx = f(x)+ C. This is called the general or the indefinite integral and C is called the
constant of integration.

e Some standard indefinite integrals are given as follows:
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e Properties of indefinite integrals:

o S FMAx=F ) Ly [F (W dx=F(x) +C

o If the derivative of two indefinite integrals is the same, then they belong to same
family of curves and hence they are equivalent.

o ILf(x)£g(x)]dx=[f(x)dxt[g(x)dx
o Jf(x)dx=k[f(x)d ¥, where k 1s any constant

_ -1 —
=gec x+C or —cosec x+C

e There are three important methods of integration, namely, integration by substitution,
integration using partial fractions, and integration by parts.
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o Integration by substitution: A change in the variable of integration often reduces an
integral to one of the fundamental integrals, which can be easily found out. The method in
which we change the variable to some other variable is called the method of substitution.

o Using substitution method of integration, we obtain the following standard

integrals:

o ltan xdx= —log |cosx|+C or loglsec x|+ C
o Jcot xdx=log |sin x|+

o Jsec xdx=log |(sec x +tan x)| +C

o Jcosecxdx=log |cosec x —cot x)|+C

e Integration by partial fractions: The following table shows how a function of the form
FPix)
@(x) , where Q(x) # 0 and degree of Q(x) is greater than the degree of P(x), is broken by
the concept of partial fractions. After doing this, we find the integration of the given
function by integrating the right hand side (i.e., partial fractional form).

Function Form of partial fraction
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Here, A, B, C are constants that are to be determined.
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Example: Integrate the function

Solution:
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Let
where A, B and C are constants.
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[2.1.' —3) [2.1- 4y +5) ) [11- —3) [2.1.' 2ty +5)

_ 2(A+E)x 2 +(—4A —3BHIC)x +(SA )
(2x -3 [2.1' 2 _ax +5)
Comparing L.H.S. and R.H.S. of the above equation, we obtain

2(A+B)=8=>A+B=4 .. (2)
4A -3B+2C=—17 ... 3)
and, 5A - 3C = 11 . (@)

Solving equations (2), (3), and (4), we obtain

A=1,B=3,andC=-2

Substituting these values in equation (1), we obtain
[12x-3+3x-22x2-4x+5dx=]12x-3+3x-3+12x2-4x+5dx=] 12x-3+3x-32x2-4x+5+12x2-
4x+5dx

I =11+12+13

11=)12x-3dx12=/3x-32x2-4x+5dx13=[12x2-4x+5dx

On solving 1;, we get 11=[12x-3dx = 12log2x-3+cl

On solving I,, we get

12=[3x-32x2-4x+5dxlet 2x2-4x+5 = t4(x-1)dx=dttherefore [2=34logt+c2 = 34log2x2-
4x+5+c2

On solving I3,

13=[12x2-4x+5dx=]1x2-2x+52dx = [1(x-1)2 + 322dx=23tan-123(x-1)+c3
So, [8x2-17+11(2x-3)(2x2-4x+5)dx = 12log2x-3 +34log2x2-4x+5+23tan-123(x-1)+C

Integration by parts: For given functions f(x) and g(x),
Jf(x)-g(x)dx=f(x)|g(x)ydx —J[f(x) - Jg(x)dx]dx

In other words, the integral of the product of two functions is equal to first function x
integral of the second function — integral of {differential of the first function x integral of
the second function}.

Here, the functions f'and g have to be taken in proper order with respect to the ILATE
rule, where I, L, A, T, and E respectively represent inverse, logarithm, arithmetic,
trigonometric, and exponential function.
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Example: Evaluate |x"sin “xdx

Solution:

Integrating by parts, taking sin Ly as the first function, we get
sin-1xx33-11-x2x33dx

=x33sin-1x-13/x31-x2dx



Let I ==x33sin-1x-13/x31-x2dxwhere [1=x33sin-1x , [2=13/x31-
x2dxTherefore, [ =11+ 12

let 1-x2=t1-t=x2-dt=2xdx

Putting these values in the equation we get,
12=-13]-(1-t)tdt2=13x12[1t-ttdt=162t12 -23t32

[ =x33sin-1x + 131-x2-19(1-x2)32 + C

o The definite integral Jaf (x)dx can be expressed as the sum of limits as

Brexydx = [z:- —.::)}1;
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e First fundamental theorem of integral calculus: Let f'be a continuous function on the
closed interval [a, b] and let 4 (x) be the area function. Then, 4" (¥) = f(x) Vx€[a, b]
Second fundamental theorem of integral calculus: Let fbe a continuous function on the
closed interval [a, b] and let F' be an anti-derivative of f. Then,

Jaf (x)dx=[F(x)]5=F(b) - F (a)
[E]
.|f . = dx
Example 2: Find: 2 ¥1-x

Solution:
[——dx =sin =R (x)
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By second fundamental theorem, we have
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e Definite integral: A definite integral is denoted by laf (x)dx where a is the lower limit
and b is the upper limit of the integral. If LF (x) dx = F (x) + T then



Prx1dx=F(b) - F(a)

5 b
o The definite integral Jaf (¥) & represents the area function A(x) since Jaf (¥) ¥ is the
area bounded by the curve y = f(x), x € [a, b], the x-axis, and the ordinates x =a and x = b

e The steps for evaluating Jﬁf (x) dx by substitution method can be listed as:

e Step I: Considering the integral without limits, substitute y = f{x) or x = g(y) to reduce the
given integral to a known form and the limits of integral are accordingly changed.
Step 2: Integrate the new integrand with respect to the new variable, and then find the
difference of the values at the obtained upper and lower limits.

Example:
Evaluate: :F 3'1:__1.:."_1'
Yl+x

Solution:
Putl+x3=1¢

Then, 3x2dx = dt

Whenx=1,¢r=2

x=2,t=9
ELS Tt 9
_[ —dr = |— =[|{1g.f]ﬂ =log9-log2=log—
4+x | - 2

e Some useful properties of definite integrals are as follows:
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Ellf{x}a’x = Ellf(a +b —x)dx
Tf(n')a’r g '.T'f (a - x)dx

o
a
Ifh)dx —Ellj'(ﬂ.]dx + If[B::r —x)dx
o
Ellj'(ﬁ'jdx, if fZa—x)=7F(x)
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Example 3: Evaluate: 12 ' .
Solution:
=
ll'2 sinﬁx A
P e
LetI: E 5111 X —CoR X

.. (1)
= +H —
Usmg the property of definite integrals, fl?fh){h If[a b= xdx
= [n25n2sin6xsindx-cos4xdxl = |n25m2c0s6xc0s4x-
sin4XdXAdding the above 2 equations we get,2I = [n2512sin6x-cos6xsindx-
cosdxdx=|n25m2(sin2x)3-(cos2x)3(sin2x-cos2x)(sin2x+cos2x)dx
21 = [n25m2(sin2x-cos2x)(sindx+cosdx+sin2x cos2x)(sin2x-cos2x)

(sin2x+cos2x)dx2] = [n25m2(1-sin2x cos2x)dx21 =n2512(1-sin22x4)dx21 = [n25m21-1-
cos4x224

21 = 116/a2512292+2c0s4x -cos8x2 dxI =13229x2+sin4x2-
sin8x16m25n2 =132297t+sin10m2-sin20m16-sin2n2+sindnt1 6=29132



