2.2 Vectors and matrices

Vector algebra

Scalar product® a-b=al|b|cosb (2.1)
Xy z
Vector product? axb=\a||b|sin0f=|a; a, a. (2.2)
by b, b,
ab=b-a (2.3)
Prod | axb=—bxa (2.4)
roduct rules a-(b+¢)=(a b)+(a-c) (2.5)
ax(b+c) = (axb)+ (axc) (2.6)
Lagrange’s (axb)-(exd)=(a-c)(b-d)—(a-d)(b-c) (2.7)
identity
as a, a.
(axb)-c=|by b, b, (2.8)
Scalar triple cx ¢y € a
product = (bxc)-a=(cxa)-b (2.9)
=volume of parallelepiped (2.10) )
Vector triple (axb)xc=(a c)b—(b-c)a (2.11)
product ax(bxc)=(a-c)b—(a b)c (2.12)
a = (bxc)/[(axb)-c] (2.13)
Rec | b = (cxa)/[(axb)- ] (2.14)
eciprocal vectors ¢ = (axh)/[(axh) - €] (2.15)
(@-a)=bb)=(c-c)=1 (2.16)
Vector a with
respect (o a a= (€| a)e; +(e)- a)e;+ (- a)es (2.17)

nonorthogonal
basis {81,82,83}C
“Also known as the “dot product” or the “inner product.”

b Also known as the “cross-product.” i is a unit vector making a right-handed set with a and .
“The prime () denotes a reciprocal vector.




Common three-dimensional

coordinate systems

/
z
p
point P
y
p=(x"+)y")"? (2.21)
x=pcos¢p=rsinfcos¢p (2.18)
, o =(x*+y* 4292 (2.22)
y=psin¢g =rsinfsin¢ (2.19)
0 =arccos(z/r) (2.23)
z=rcos0 (2.20)
¢ =arctan(y/x) (2.24)
coordinate system: rectangular spherical polar cylindrical polar
coordinates of P: (x,y,z) (r,0,¢0) (p,,2)
volume element: dxdydz r’sin0drdfd¢ pdpdzde
metric elements® (hy,hy,h3):  (1,1,1) (1,r,rsin0) (1,p,1)

“In an orthogonal coordinate system (parameterised by coordinates ¢i,¢2,q3), the differential line

element d! is obtained from (dl)2 = (h; dg;)? + (ha dgy)* + (h3 dg3)>.

Gradient
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Divergence

A vector field

Rectangular o, 0Ac 04, 04, '
coordinates VA= 0x + oy | oz (229) | 4 g?;omponent
Cylindrical A= 1 d(pAy) 1 % 0A; (2.30) | * distance from
coordinates Cp 0p p 0 0z : the z axis

2 .
Spherical polar vy.4= 106°A,) 1 0(Agsin0) 1 04y
coordinates 2 or rsinf 00 rsinf 0¢

(2.31)

1 V-A= ! i(AhhH—i(Ahh) -
Genera _h1h2h3 (76]1 11213 0(]2 213011 q; basis
orthogonal h,  metric
coordinates + ai( Ashihy) (2.32) elements

q3
Curl
A ~ ~ " unit vector
Rect lar o Y z field
ectangu . . vector fie
coordinates VxA=\|0/ox 0/dy 0/0z (2.33) .
A;  ith component
Ae A4, A of 4
plo & %/p
Cylindrical A A p  distance from
coordinates Vxd=\0/dp 0/0¢ 0/0z (2.34) the z axis
A, pAy A
‘ #/(r2sin0) 0/(rsin0)  $/r
Spherical polar
coordinates VxAd=| 0/or /00 0/0¢ (2.35)
A, rAg rAgsinf
General | g ph §3hs g basis
orthogonal Vxd=1———10/0q1 9/0q: /s (236) | 1y metric
coordinates 17213 MA, oAy hsds elements
Radial forms*
. V(/r)= 2.41
w:’; (2.37) /0 (241)
Vor=3 (2.38) Ve(r/rt)= (242)
2_9.
V- (rr)=4r (2.40)
V- (r/r)=4nd(r) (2.44)

“Note that the curl of any purely radial function is zero. é(r) is the Dirac delta function.




Laplacian (scalar)

Rectangular _, =~ 0*f 0°f 0°f
coordinates Vif= Ox2 + W 3 0272 (245) | / scalar field
Cylindrical ) 10 of 1 azf 02]" p distance
coordinates ¥ J = pop (p ap ta p2 o2 ' 0z2 (246) grzr;;sthe
Spherical ,, 1a [, 0f 1 of 1 f
polar Vf_rz(?r<r ar>+r2sin900<‘n909>+r25m290¢2
coordinates (2.47)
. 1 0 [ hyhy Of hshy Of
2, 2h3 311 '
General ¥/ =30 0 [a ( h 0q1> s ( s oqz) g buss
orthogonal h; metric
coordinates i @ 87]‘ (2.48) clements
oq3 \ h3 0q;
Differential operator identities
V(fg)=fVg+gVf (2.49)
V- (fA)=fV-A+A-Vf (2.50)
Vx(fA)=fVxA+(Vf)xA (2.51)
V(A-B)=Ax(VxB)+(A-V)B+ Bx(VxA)+(B-V)A (2.52)
V- (AxB)=B-(VxA)—A-(VxB) (2.53) fg scalar fields
Vx(AxB)=A(V-B)—B(V-A)+(B-V)A—(A-V)B (2.54) | 4B vector fields
V- (Vf)=Vf=Af (2.55)
Vx(Vf)=0 (2.56)
V- (VxA)=0 (2.57)
Vx(VxA)=V(V-4)—V*A4 (2.58)
Vector integral transformations
Gauss's zV zz(lthl?rrleﬁeell:ment
i?elgf;glfnce) /V(V Ay = %;C A-ds (2.59) Sc  closed surface
V' volume enclosed
S surface
Stokes’s ds  surface element
theorem /S(VXA) ds= %LA ndl (2.60) L loop bounding §
dl  line element
Greoms irst | JUTEds= [ V(v av (261)
f,g scalar fields
theorem 5
~ [ UVer@n-Tenay e
4

Green’s second
theorem

f [f(Vg)—g(V/)] - ds= / (Vg —gV2f)dV
S 14

(2.63)




Matrix algebra®

aip a2z o din
a a g .
Matrix definition A= 2! > - (2.64) Am by_n matrix
: : : a;; matrix elements
mt Am2 """ dmn
Matrix addition C=A+B if c¢j=a;;j+bj (2.65)
' C=AB if c;=aybhy; (2.66)
Matrix (AB)C = A(BC) (2.67)
multiplication
A(B+C)=AB+AC (2.68)
Transpose matrix” ij jﬂ o (2.69) aj transpose matrix
(AB...N)=N...BA (2.70) (sometimes af;, or aj;)
~ *  complex conjugate (of
Adjoint matrix A=A (2.71) each component)
(definition 1)° (AB...N)I =N'...BfAT (2.72) | T adjoint (or Hermitian
conjugate)
.. - d f_ H Hermitian (or
Hermitian matrix H H (2'73) self-adjoint) matrix

examples:
aiy ap a3 bii b bi3
A=|ay a» ax B=|by bxn by
as; ax  as; bsi b3 b3
aiy  ay  as air+bi an+biy aiz+bis
A=|apn an ax A+B=|ay+by an+by ax+bxy
a3 ax  a; asi+b31 asm+bsxy  az+bss

ajrbi+anby +aizbs  anbin+anbyn+aizbsy  anbiz+anbs+abs;
AB= | ay bii+anby+axbsy axnbia+anbyn+anbs axbiz+anbs+apbss

asibii+anby +azzbs  azibip+anbn+abyn  azbiz+anbiz+assbs

?Terms are implicitly summed over repeated suffices; hence ajby; equals Y, ajcby;.

bSee also Equation (2.85).

¢Or “Hermitian conjugate matrix.” The term “adjoint” is used in quantum physics for the transpose conjugate of
a matrix and in linear algebra for the transpose matrix of its cofactors. These definitions are not compatible, but
both are widely used [cf. Equation (2.80)].

dHermitian matrices must also be square (see next table).



Square matrices”

. trA=a; (2.74) A square matrix
race . aij matrix elements
tr(AB)=tr(BA) (2.75) a implicitly — 3. a
detA= €jjk..A1;d2j A3 ... (2.76) | tr trace
. =(—1)"*ay My (2.77) | det  determinant (or |A])
Determinant? 0l C (2.78) M;;  minor of element a;;
il ’ Cij cofactor of the
det(ABN) =detAdetB...detN (279) element aij
Adjoint matrix SAZE c (2.80) adj ad]:oint (Asometimes
—C..=(C .. . tt
(definition 2)c ~ AWATCu=Ci o vt A
transpose
- iA
= G _ad (2.81)
Inverse matrix detA  detA 4 4
(detA :,EO) AA ' =1 (2.82) 1 unit matrix
(AB...N)"'=N"1.B'A"! (2.83)
Orthogonality 4k =9j (284) | 5, Kronecker delta (=1
condition ie, A=A"" 2.85) if i=j, =0 otherwise)
If A=A, A issymmetric 2.86)
Symmetry ~ . . .
If A=—A, A is antisymmetric (2.87)
Unitary matrix U‘r _ U71 (2.88) U unitar'y.matrix.
t Hermitian conjugate
examples:
daip dip a4
A a a a B bu b
= 21 22 23 =
byt by
asp 4z dass
trA=ay; +an+as trB=by; +bxn

detA=ayjaxnaz—ay a3 az —ax aj2az+ax a;3a3 +az ap a3 —az a3 axn

detB=b11by» —bi2bsy

azds3 —dz3dz

—ajpdsz+dizazp

1
—1
= —dap1 a3z +dz3 sy apyazy—dapzasg
detA
ar1azx —daxpaz  —dydzn+dappds
1 by —bi
detB \ —by; by

ap a3 —dyzdn
—ay dr3+dgzdn

djpdz —dppday

“Terms are implicitly summed over repeated suffices; hence ajby; equals ) aiby;.
hs,vl,-km is defined as the natural extension of Equation (2.443) to n-dimensions (see page 50). M;; is the determinant
of the matrix A with the ith row and the jth column deleted. The cofactor C;; :(71)"+"‘M,-j.

“Or “adjugate matrix.” See the footnote to Equation (2.71) for a discussion of the term “adjoint.”




Commutators

Commutator 1o B]_ AB—BA=—[B,A] (2.89) | [] commutator
definition
Adjoint [A.B]"=[B,AT] (2.90) | ©  adjoint
Distribution [A+B,C]=[A,C]+[B,C] (2.91)
Association [AB,C]=A[B,C] +[A,C]B (2.92)
Jacobi identity ~ [A,[B,C]]=[B,[A,C]]—[C,[A,B]] (2.93)
Pauli matrices
0 1 0 —i
0= 1 0 0= i 0 o; Pauli spin matrices
Pauli matrices | 0 : 0 1 2x2 unit matrix
_ _ . -2 :_1
ae(l 0 el 0 es
Antlcommum- 6i6;+06i6;= 2b‘z'jl (2.95) 0;j Kronecker delta
tion J
Cyclic 6i6;=lo} (2.96)
permutation (6:)*=1 (2.97)
Rotation matrices”
Rotation 1 0 0 R;(0) matrix for rotation
about Ri(0)=[0  cosf sind (2.98) about the ith axis
X1 . .
0 —sinf cos0 0 rotation angle
Rotation cos@ 0 —sind
about x, R,(0)= .O 1 0 (2.99)
sinf 0 cosf
Rotation cosf sinf O o rotation about x3
about x R;(0)=| —sin0 cosf 0 (2.100) | B rotat%on about X:z/
0 0 1 y rotation about x7
Euler angles R rotation matrix
cosycosffcosa—sinysino cosycosfisino+sinycoso —cosysinf
R(o,f,7)= | —sinycosfcosa—cosysina —sinycosfsino—+cosycoso sinysinf
sin i cosa sin f§ sino cosfs
(2.101)

“Angles are in the right-handed sense for rotation of axes, or the left-handed sense for rotation of vectors. ie., a
vector v is given a right-handed rotation of 6 about the x3-axis using R3(—0)v—v'. Conventionally, x; =x, x; =y,
and x3=z.



