12082CH11

ﬁrfm:ﬁ'&rwﬁﬁr

(Three Dimensional Geometry)

«*The moving power of mathematical invention is not
reasoning but imagination. - ADEMORGAN %

11.1 HftwerT (Introduction)

FHel XIH, avaiftes sHfHfd o1 1eq97 w999 fg-farda
R - ferftar ferwail o ofter & eo W 1 sherel i

sfafa o 59 SURTH 1 39T € T I8 Uk 1A i
G T T GE(ool (GUEA) S KA B

foromactta Y@net & &9 =9 50 9 T ad 6l Tk f6g
@{ﬁéﬂ‘ﬁ'ﬂqﬁ Qﬂﬁwwwlmmﬁ@ Leonhard Euler
sTfeeRTe TROTET w1 | o €9 | W i 21 A g6 (1707-1783)

TR FIA1T &Y H ot SR w4 S e o feefa o1 oy sfade iR faveronas
TersToT Jeqa X Weh |

11.2 @1 & ﬁiﬁ—aﬁ'{?@? 3R fder-31quta (Direction Cosines and Direction

Ratios of a Line)

A 10 H, TR HIfC, 75 gt fog @ oA arelt |fger 3@ L gh x, y 3R -s1ei
o T HAI o, B 3R y S T K107 Feh-h 101 HEA & Ta T HI0N hT hIHET AHG:
cosa, cosB?ﬂﬁTcos’y%@T L & f<s-sMEEd (direction cosines or dc's )hgardl F

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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f T L F fe forwda w3 ¥ A e w, R W ¥ el oo, 1B ER
Ty H %A WA 71 39 YR, fEh-HEd o fog 95 9 g

7
'
f£-~~"~"~"="===""9 AL
. P :
CEEY BRI '
2 :
r 1
Y |
p 'y
“/o g Y
X
X
TRt 11.1

e S, efafer 9 <) T Y@ i Q) faudia fewmnedl | «er wehd € SR gEfae shen
fep-iamE o < 9qe ¥ gEfa falter § @ Y@ & fau fKe-wed & afgda
g o fau, 39 90 @1 & T A9k W@ e =feul 39 sifgdia fesp-wieme @i
l,m?:ﬁ'{na?mﬁﬁ‘?mﬁlﬁél
femuit siafer o < T Y@ A gt fag @ T Tt € @ gHent [Kep-shiaed %1 9
F o fau, 50 0o fog 9 § 7 W o 9 T @ died ) o gt fag 9 e
T U qiew W1 o fEeh-Srua Fa i & i g wnsti & K-l o
T E () w9 2

T @1 o Kp-HhEEd o Fagad Sensti i W@ & fSep-37q9 (direction
ratiosordr’s)zh?ﬁ %I Wﬁ@i@%ﬁ_@{—aﬁ'ﬂﬁq Lmnd ﬁ@"—\’vﬁ{w a,b,cﬁﬂﬁl
WWKG R @ a =\, b=Am 3R ¢ =n

FD oEF fag-odl # fp-gem st FwEd 3
M AT Tk 3@ ok G- a, b, ¢ 3R @1 H Kep-FEEA [, m, n 21 99
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BRI [ =ak, m= bk, n =ck .. (1)
RG] P+m*+n*=1
Bl K (@+b+c)=1
1
Bl k=%

\/az +b% +¢?

3@d: (1) ¥, 3@ &1 Re-FMEEd (de’s)
b 4 c

=+ a m=1 =t <
\/az+bz+c2 " \/az+bz+c2 " Jat+b* +¢?

frdt Y@ & fau afg Y@ & K- w99 a, b, ¢ ®, A ka, kb, ke; k # 0 o
feeh- STITdT o1 U e ¢ eI Uk 1@ o Eep- Sl o &) T it FHE @)
a1 ford weh W@ & fich-orumdl & e 99e e 2

11.2.1 ¥@T &t I'a'oga—chlulsd T gay (Relation between the direction cosines
of a line)

HH if fF Tk W@ RS Y G- £, m, n T g
fag 9 € T W@ & TA s W@ gifue @i 39 W
fag P(x, y, ) OTSWI P§ x-3& W od PA WifaQ
(3ATERTd 11.2)1

OA
I OP=r. cof{E o =2 R x= 9 e R
r
ESIRECAY y=mr3ﬁTz=nr.
Bl X+y+2=rPC+m+n
LG P4+yP+2=r 3TTRTA 11.2
3Ad: P+m*+n*=1

11.2.2 & )%ga—ﬁ &I frer aret 3@ @t 7%85—35??5173? (Direction cosines of a line
passing through two points)
Fifs @ fou fagal ¥ e S e Ya a1 v | fae T fage
P(x,y,z) AR Q(x,, y,, zz)@ ‘J,Trl'{ﬁ et @ & ﬁﬁﬁ—?ﬁw & 9 TR 9 [«
F Fhd (3P 11.3 ()|

ﬂﬁ?ﬁﬁ?ﬁi’@ PQ‘elﬁ ﬁaﬁ—?ﬁw l,m,n%ﬁ?%x,yﬁ?z-ﬂ&?é*anﬁﬂT
HUI: o, B, y A B
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oM ST P et Q § ofd wifau st XY-aa &1 R S ferd 21 PH T
3 da Gifae s QS &l N W fHerar 81 a1d "HehIv1 519 PNQ #, ZPQN =y
(3eRTd 11.3 (b)) 3EfAT

4 zZ
Q
PN MQ
p N
Y Y
I) 0
s
X (2) X (b)
3TTeRTd 11.3
_NQ_ -z
cosy = PO PQ
T THR cosoc:xZP—;;l?:ﬁ'( cos[3=y2P—;2y1

amd: fagafl P(x, y,, z,) 91 Q(x,, y,, z,) i Sied a1l @rEe PQ for fsh-whiam

X=X Yo~V T4 ¥
PQ ° PQ ' PQ

&

S8l PQ = \/(xz_x1)2+(}’2_)’1)2+(Z2_Z1)2

feouit fagatl P(x,,y,, z,) 981 Q(x,, y,, z,) I Sigd At {@rEe o fep-rgura 7=
THR ¥ fag w1 wed €

N X YTV L L WX m X, YTy, 55

SETET0T 1 A Tk W@ x, y A1 z-37871 1 YT 90 o 11 hAT: 90°, 60° T2 30°
T HIV A @ A KRR A B

1
Tl AM AT W@ 1 fKF-FEET [, m, n 1 99 = cos 90° = 0, m = cos 60° = >
3

n=cos 30°= —
2
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SETET0T2 AR T @1 ok fKF-31ud 2, -1, -2 ® A sTh! fEp-HhIEEA Fa Hife)
7ol fep-wmEEa feeg ?

2 -1 —2
\/22 + (=1 +(=2)* \/22 + (=12 + (=2 \/22 +(=1)" +(-2)?
2 -1 =2
i 333

Saretu 3 & fage (- 2,4, -5) 3R (1,2, 3) i foam areft @ 1 fGb-FE =
s

T B WA § R & fgE P(x, v, z) IRQx,, v, z,) Fi A @t TEr
[ECEEALIE|

X=X Y= N %

PQ PQ PQ
&, st PQ = \/(xz—x1)2+(y2—yl)2+(z2—z1)2
Tel P 3R Q HuIM: (-2, 4,-5) 3R (1,2,3) Tl
ey PQ = \/(1-(-2)’+(2 -4 + (3~ (-5)* =77
Tafere < fagelt 1 frem) Ao Yan # e §
3 2 8
N RN EINGE]

SETETUT4 X, y 3N z-318f 1 fEp-hIaEa @ Hifery

Tl x-318T U x, y SN 2378 o F 0°, 90° T 90° oF IV I B THAT x-378
1 faeh-shET cos 0°, cos 90°, cos 90° 21iiq 1,0,0 B

Tl YR y-3787 MR z-3187 1 faep-shAET %A 0, 1,0 3R 0,0, 1
SETET0T 5 g9Igy R fag A (2,3,-4), B (1,-2,3) 3R C (3, 8,— 11) ®@ €|

T A SR B faet™ areft Y@ o fach-eum
1-2,-2-3,3+4 3@ —1,-5,7 2l

B 3R C 1 fiet areft Y@ o fasp-eua 3 -1, 8 +2, — 11 — 3, 319q, 2, 10, — 14 €l

T2 € foh AB 3R BC o feh-21qdrd Taurdt €1 3fd: AB iR BC ¥Hid 8] W
AB 3R BC 341 ® B s9affss 21 3m@: A, B, iR C @@ fog |
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[oomrerett 11.1]
1. i€ Tk W@ x, y 3 2-3781 o |9 HAW: 90°, 135°, 45° o 0] oA € o THeh!
fep—=hIETET A1 ISl
Tk W@l i feeh-shire T ity St el o @Yl WHE i S 2
% Tk @1 o fGp-3qua —18, 12, - 4, € o S8kl eh-hi@rg @1 8?2
Ty foh T (2,3,4), (= 1,-2, 1), (5,8,7) &@ €
ww BqS w1 qeel & k-t 9@ &g Ak s o 3 fag
(3,5,-4), (= 1,1,2) 3R (=5, -5,-2)
11.3 3tafver U I@GT hT FHRIOT (Equation of a Line in Space)

Fel X1 ¥ fg-forfia qa o @t &1 s1e9e i o 99 319 §H Sfale # s @
o |fY e FIdrd GHRON i A1 H|

e Y sAfgded: fuifa g 7, 9t
() ¥e feu fag @ <t 7 faen @ g & €,
(i) =% 3 few U fagsti 9 gt S 2

11.3.1 73U 7T faig A @ S areit 797 30 7Q Qiewr b & QUiaT I@T T THIHTOT

(Equation of a line through a given point A and parallel to a given vector b )

n A W N

g feene fem o o fag O & e Z b
T AT B Fig A TR 6 1 A S B /P/,
fog A® I areft den fgu 7w afeer p & I A

W 12 A it R (R fem et me ey < |
P feerfa @fer 7 & (mepfa 11.4)1

=

,Y

9 AP Uf<¥ p o WHIR € 1eid AP=Ab , Sl 0

A T dRdfas GE 2l X 114
W AP = OP - OA

CRIE Ab=T-d

foetia: Jrad A oF J&is 91 o fag 98 9 @1 o fRdt fog P&t feafd wem
FAT 21 3d: Y@ H ey THR B

F=da+Ab (D)
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fewuit afg l;:af+b}+cl€%ﬁ@%@—%ﬁa,b,c%ﬁ?ﬁm:ﬁ@%@

o Teeb -39 @, b, ¢ B A1 b = af +b] + ck @1 o FHIR €11 =& b i | b |7 Gl S|
AfE9T ®U A HIAT ®Y A= HET (Derivation of Cartesian Form from Vector
Form)

A oifse fo ﬁfqﬁg A& fdens (xl,yl,zl)% AR @ W ﬁﬁﬁ—aﬁw
a,b,c%WFﬂﬁQWﬁ@P%ﬁ%ﬂ?(&y,z)%lﬂa

F:xf+y}'+zl€;5=xlf+y1}+zlk
R l;=af+b}+cl€
= W 1 (1) H wfeeentud seh 1, ] SR &, o O I qorl i W EH U
ERED
x=x+Aa; y=y +Ab; z=z+Ac .. (2
I @l o YrEd GHIRO B (2) 9 gred A faetd S 9, 89 U B

L B S S U S 3)

a b c

T 1@ HT HTAF GHRT B
feoguit At @ #1 fGeb-H=A [,m, n €, @ W@ T R

X=X y=» Z_Zlg
= |
n

l m

AR 6 oI5 (5,2,—4) | S arelt ae 9fe® 37 + 2] — 84 o TR @1 1 gfxw
el I GHIHON s A HIfU)

T T W@ €, &
G=5i+2j-4kdN b=37+27-8k
WW%WW%
F=Si+27—4k+A(37+27-8k) [(1) 9
<ffer Y@ W feud foreh fag P(x, y, 2) ®1 fearfa wfew 7 2, s@feg
xi+yj+zk =5i+2]-4k+A(3i+2]-8k)

= (5+30)i+(2+2)) j+(-4—8N) k
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AT ol 9 W H 9@ ® T
x—5_y—2_z+4
37 2 -8
S Y@ o GHIE 1w €9 B

11.3.2 & fow @ ﬁl’g’aﬁ T ST areit I@T FT GHIEIOT (Equation of a line passing

through two given points)
A fifse T e W feoq 1%!3313[ A(xl, Yy Z1) 3ﬁTB(x2, Vs zz), o frufg wfer wa:
g SR p & (M 11.5)1

M i 7 s Wes fag P w1 frufa z )
afkw 1 @ P @ W 2 AR SR e AR 1 L
— . )7
AP=7 -G T AB=b) —a Tg dfew &) zufen 2 “%

P @ W feo € Af o S A S
F—d=\(b-ad) g ’
2 F=d+A(b-d),Ae R .. (1) 0 7Y
S 3@ w1 "y e B
& = N X 3TTeRTd 11.5
B9 U@ © f

F=xf+y}'+zl€,5=x1f+y1f+zll€,3ﬁ?5=xzf+y2}+zzl€
T HA H (1) § ufgeenfud +0 WEw e ?
x;+y}+zl;=x12+y1}'+Z112+7\.[(x2—xl);+(y2—y1)}'+(zz—zl)lz]
i, j, k o TRl ®1 GO W ed I € R
x=x+A0,-x)y=y,+A(,-y)z=2+A(z,—-2)
A 1 Torelioe & W 89 U @ T
x_xl _ y_yl — Z_Zl
X=X Y=V 7%
S Y@ % FHET 1 FHEE ®Y B
arEtor 7 faget (-1, 0,2) 3R (3,4, 6) ¥ BT S el @1 w1 |iEy THieho 7
ifsTa)

T WM g @ 3R b fagai A(- 1,0, 2) 3R B(3, 4, 6) % fearfa wfen €1
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GE] d=—1i+2k
R b=3i+4j+6k
THfery b—a=4i+4]+4k

oM efery for Y W e fordlt wes fog P feurfa wfew 7 21 om@: @ &
qfer e
F=— i +2k+A(41+4]+4k)
x+3 y-5 z+6
IETE0T 8 Weh TN T FHIdid THIHT R
A it
7o fRu U TR w1 oHE 'Y

X4 _Y=h_27%

21 39 a1 g e

a b c

Y g FH WA U0 € & x =—3,y,=5,2,=-6,a=2,b=4,c=2

T YR refiee W@ g (- 3, 5, - 6) W BT Sl € qo 9iRw 27 +4 j+2k
FHlR g1 I ofifee o Y@ W feq ferdt fag w1 feafa wfew 7 @ @ @ & i
AT T \

F=(=31+5]-6k)+\ (21 +4]+2k)

R U= T
11.4 St TGT=Al ok A 0T (Angle between two lines)
A AT R L SRL, @ fog 9 o areft & et € o faep-srqom s
a,b,c 3ay,b,c, 8 I9: 99 AUfF L R TH &5 P L, R Tk &3 Q 2
amepfa 11.6 ¥ KT T¢ |ige OP &k 0Q W fomR =ifsw) 7F =fifsi fF OP iR 0Q
% H" T I Q7 379 TR0 HIfC fF wfew OP SR 0Q % ek FH: a, b,
¢, 3R a, b, c ¥ T 3TF =9 F H 0 z

N

a,a, +bb, +cc,
\/alz+l712+c12 \/a22+l722 +022

[: sin @ F ®9 H, {@1sT o A HT H0 Q. L,

sin®= /1 — cos” @ T 7T € 0 % >y

3 \/1 3 (qa, +bb, +c,c, )2 7
= ( X

a12+b12+012)(a22+b22+c§) TR 11.6

gN U 2

cosO =
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\/(a12+b12+612)(a22+b22+c§)—(a1a2 +b1b2+clc2)2
Jla?+02+c2 ) (@G +b2 +c3)

J@b —a,b)* + (B c,= by ) +(cia,— ¢, a )
- 2 2 2 2 2 2 - ()
\/ (af +b + ¢ \/a2 + b, +¢;

Tt | 59 feafd § w9 Y@l L oeRL qa g @ T R ¥ @ e
L, 3L, % 9u®, 9a fog ¥ o aeft @ wHe: L, 9L, o 1 3 et
L, 3R L, o facp-3Tqamai o aome feep-shiare & 7 &1 S L, % {4, m,, n, 3R
L, fC L, m, n, @ (1) 3R (2) Frfafen e &

cos 0 =11, + mm, +nn) G2IED Paml+n’=1=C+mi+nd) ..(3)

R sin 6 = \/(11 my—Lym,)’ —(myny—m, n)+(n, L, —n,y 1) (@)
IECEEG iG] a,b,c, R a,b,, c, Elgilkeei
@) W% g @ =90°, 1Alq (1) ¥ aa,+bb,+cc,=0
by ¢

2

2 %)

319 B9 <) T@I3Tl o 9 1 10 Fd SO Toreh THieRTT fau 7 7| Afe 39 s
Fo=d,+\b 3IRF = d,+ub, o a< = H01 0 ¢

b - by
qd cosO = |7=—7=7
|bl||bz|
el w AR e 0 - XN _ET4 (1)
) a b, q
iR X—X _ Y~V _27% )
by o

a,
% 9 B FUIO T SET T@d (1) F (2) % RG-S BEA: a, b, ¢, T

a, b,, cz% ad
a,a, +bb, +c,c,

Jat+b} +c a3 +b2 +C3

cos 0 =
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sarEor 9 fu U Er-gH
=342 —4k+Ni+2]+2k)
3R F=51-2]+nBi+2]+6k)
o T HIU FA hITT
T WM ST b o= f+2j+2k IR b, = 3742 +6k
<1 Y@l & " w9 §, ST

b-b, | |(+2]+2k)-(i+2]+6k)
cos 0= |==7|=
A JI+4+49+14+36
3+4+12| 19
3x7 21
o omen ()
M = COS 21

IETE0T 10 @-g:
x+3  y-1 z+3

35 4

+1 y—-4 z-5
R - =

1 1 2

o HE HIU J1d hifoIT|

T Teell 1@ o -3 3, 5, 4 3R 9 @1 o k-3 1, 1, 2 71 Afg 37k
o 1 0 0 T

o 31+5.1+4.2 16 16 8/3
cos 0 = = = =
V352212422 | V5046 sV246 15
83
3d: A= R0 cos“( 15 J%I

11.5 &7 @Rl o HeA =I7a9 U (Shortest Distance between two lines)
e § afE 3 W ReR gfawss w4l ¢ df Sk S i =HAaE g g TSR
e ® A < W@l iR 7 @ Sk S Y FAag T, 3ok s oeeq gl B
31AIq T @1 oF T fo9g ¥ T @ W @i=n T a4l
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T aAfafter sfafter o, T of Yarnd Z
Bl € S A @ whesdr iR A g "HiR
Bt @1 ar%qd H UE Y@nefl % gm
FETAAT BId © 3TN 3= faomaeita @ G F

S
7

(skew lines) ed B S<EWEA BH \D r
Spfa 117 ® x, y oiR -39 & ergfe o ™
FUI: 1,3, 2 THE & STHR a0 FW W C >Y
R & 2 A B
Y@ GE = % fast % amfe & siw STeEf 117

Wl DB, A% &% W Bd & HH 9

TS g <R o faervl o e 71 9 Y@t fovwdeia § it 9 i et € 3R
FHft et off 7 2

T et & e HAae ¥ TR e T U YT @ @ W Ut W fed
% fog 1 T e R feod o g 1 frei 9w @ @i st e ey @l
=JAan g tErEe 1 fouHaeta el W) da gl

11.5.1 E? fawwacita @i’ & aiter & gﬁ‘ (Distance between two skew lines)
319 B9 (@Al o o9 i =Aad g4 Fefatea fafta 9

T I A A /SR L femaeia @ T Q
feh geiertor (emmeRfa 11.8) frefafea 2 L
Fo=d +\b () o
R Fo=d,+Uub, @) — L I,

T | W i fag S foment feafq wfew g, ofR W e JTTFRT 11.8

fag T fowet feufa wfew g, 8, <ffow) @ =maw @

gfeer w1 aRemn, ST w1 =JAaq g0 &1 fen H 989 &1 919 & §AF e (TR
10.6.2)1

=t 1, &R 1, % o= Y A g A pQ € @ F I p, W, W FA PQ
%1 foen | s |fw ; 59 gR 'R fR

I}

X
Sl

.. (3)

S>
1l
)
)

X
9
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[iC] PQ =d
&l d, =g i afewr &1 ufm 21 9 AT g7 SR PQ o S H1 &0 07, 99

PQ = ST Icos 0l
. PQ-ST
T c0s 0= 11 pQ ST
dn-(a, — a,) .
=|"ys7 | % ST =a,-a)
b, x b,)-(d, —a
- [RGB () 5 g
ST |, x|
Tgfa 31+l =Aaq <8
d =PQ = ST Icos 6l
M d= (b ng)'(éz_al) R
| b X b,l
FAT B (Cartesian Form)
e
R R | 1”4
Yoq N b 9
iR / X7XH YTV _ 27 %
? a, b, )
o o= 1 a9 SU e
X=X Y= N %
a, b G
a, b, %)

JBie, —bye,)? +(ca, — cya,)* +(ab, —ah)
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11.5.2 GaTa¥ I@T3ft & @@=l & gu (Distance between parallel lines)
RIS ce i VARt e A o A L e e M

F=a +Ab (D)
S F=d, + b )
g, Wl |, R fag S o feofq wfew g ok R fag T L (D)
=1 feorfq wfgwr 4, © (3Tt 11.9) = b
T [, S [ Faeta g Ak fag TH [ W
T T A 1 U P B qa T@stt [ SR [, o A i o p ;
Zf = [TPl S(a7) 1
o A foF afel ST @R b o = &1 i1 081 74, FTF 11.9
b x ST = (1b11STlsin 0)7 (3
<ol Y@t [ iR [,% 9 W A 3R Al i 2l
g ST = 4, — d,

e (3) 4 29 I € &
b x(@,—d,) = |bIPT A (Fifw PT = ST sin 0)

1 |bx(d,—d)l = |5IPT-1  (aslal =1)
TaferT T @rell o e =<Aad g4
d= 1PT1=| 22X @ =) | s
b
SETETOT 11 Y@ed [ 3R 1,5 die w1 gaad g0 9 Riree foreh afeer wete ©
F=i+i+AQi-j+k) . (1)
R F=2f 4 —k+pGi-5]+2k) - (2)

Tel FHEW (1) 9 (2) B F =G +Ab R F=a, + b, q T FA W
T ¥ fE
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QEEQ Eiz__)l_l,\_lg
3R b xby= (20 —j+k)x(3i-5]+2k)
iJ ok
=2 -1 1| =3i-j-7k
-5 2
TH YR b, X byl = \J9+1+49 = /59
THfee & T YEnet o W= @t =Een
(b xby)-(d,—a)| _13-0+71 _ 10
b xby, || V59 V59

sarevor 12 frefafea & T Yt [ s 4
F=i+27—4k+M(27i437+6k)
3R F=30+3]-5k+n(20+3]+6k)% d= =Faq gt 7 it
Tl A et gEeR € () e ww @
= 1+2j-4k, d, =31 +3}-5k &R b = 2i+3j+6k
TferT @t o o= w1 i

i] ok
e b x(d, —d,) 2.3 6
B bl 121 -1
J4+9+36

C1-9i+14 -4kl _~/293 293 5)
- J49 Jao 7
[ug=meret 11.2]

: 2 3 -4 4 123 3 40D
- ”is}%ﬁsﬁ_ 3B BB 131
@ RER wea

2. <uiEy fop fogati (1, - 1, 2), (3,4, — 2) W e S arelt W@ fagat (0, 3, 2) 3K
(3,5,6) " M drell W W A 2
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10.

11.

12.

Tfora

. Tuise T fagatt (4, 7, 8), (2, 3, 4) § B 9H aret 3@, fagst (—1,-2, 1),

(1,2,5) 9 S et @ o FHiat 2l

. T915 (1,2, 3) 9 oA et T 1 g 1 i St w3 i 42 j -2k

HHW 2

. fog foment feafq ofger 27— j+ 4k QA I A [+2 ] —k &1 fon o 5

ATl T 1 G AR HdE 9§ GHH0 [ IS
I @1 w1 HEE FHHOT T ST S fEg (- 2,4, - 5) ¥ W @ 3R

x+3_y—4—Z+83TwWﬂ%l
3 5 6

. WWWWWWngzy+4:Z;6%ISWWWWEW

ifsTa) ’

. ga g 3R (5,-2,3) T M oTelt 3@ 1 Wi g Hidid w6 § qHiRor 96

Al

fagai (3,-2,-5), 3R (3,-2,6) W A aTeil {1 1 WEY T4 Hdd &
T gHRIOT i A hifSIT)

frrefafiad Tar-wi & 91 1 F0 96 F

() F=27-5]+k+A3i+2]+6k)3R
F=Ti—6k+u(i+2]+2k)
() 7F=37+j=2k+\(—]j—2k) ¥R
F=20-]-56k+n(3i-5]-4k)
freferfian Tar-ori & e @1 B S H R

x—2_y—l_z+3ﬁkx+2_y—4_z—5
5 -3 -1 8 4

@
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13. feamu fr @t x;5=y—+52=§ iR

14, W@ =P +2]+k) + M- J+k) R =27 j—k+pnQi+]j+20)H
o9 1 =Ad9 g0 T SIS

15. Y@ x+1=y+1=Z+13ﬁTx_3=y_5=ZI7€FEﬁ?l?ﬁ e

7 -6 1 1 -2
Al
16. Y@t fer afer gt frefafaa 8, o s s =Fa g 9 i
F=(+27+43k) + M@ =3]+2k) 3R F=4i45]+6k+n (27 +3]+k)
17. @, fSeent qiee weftereor frefafad €, & o= 1 a9 16 S
F=(l=0)i+(-2)j+GB=20k I F=(s+D)i+Q2s-Dj-2s+Dk

11.6 9AdT (Plane)
Teh GHAA o g 9 W T TR ST Feha € Al Fefefad | 9 K T wd 9 el
(i) FHAe 1 Afere SR Tet {65 § THdel i g0 716 €, reiq sifets &9 quaa
T HIHT
(i) I8 % fog 9 ToRar € IR G 7 fX9n & oo 2
(i) I f&u MU I erEtE fagei @ Terar 2l
39 BH HHA! o |G 3R HTdid GHIHN ®l W |

11.6.1 37fyeid ®Y & WHAS T THIHIOT (Equation of a Plane in normal form)
T gHdA W faeR FifSy fSoet 9ot fog 9 dadd 8 d (d#0) ® (SThfd 11.10)1

g ON gt fig @ 97 W o & a1 ON & £
IfEe A A Afiels 9few € 99 ON =d A
21 9 whfe for Tmaer w w1 fag PRI gafor, ,
NP . ON W @« #I f"y’z)
3@: NP-ON =0 (D d N
M cifse P w1 feufs mfew 7§ ot © 7Y

NP= 7 - d it (FifF ON+NP=0P) X T 11,10
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39 N (1) 1 &Y Frefafad 2
(F—dn)-dn =0

zn (F—=dn)-n =0(d=#0)
DI Fen—dn-n=0
T Fon=d @ME n-n=1

e
& TS I WY FHHT 2
HAT BT (Cartesian Form)
GHde 1 G G0 § SRl 5, GHdel o A IR Wiy 81’ e §Had
W &g fag Py, y, 2) €1 4

OP=F=xi+yj+zk
T oAfST A4 T fGeb-F=T [, m, n &1

A=1i+m]+nk

Fon oo WE R (2) W wioenfud R W g9 U E,
(xf+y}'+zl€)~(lf+m}'+nl€):d

?ﬁﬁﬂ Ix +my +nz=d .. 3)
T8 GHAA 1 FHIATT GHH B

iR (3) WeRdid @ @ R AR Fo(al+bj+ck)=dTF
A 1 WY THEHOT B @ ax + by + ¢z = d THAA 1 HIdd THIHOT & W&l
a, b 3R ¢ FHIA o Al o faep-oum €l

6
IETET0T 13 SH HHAe o |Gy THieh0T T Hifse o 9o fag @ Eﬁ{ﬁm%
SR T g @ 3o sifea WRw 27 3 44 4%
T AT ji=27-3j+4k 1 d@

i 20-3]+4k _20-3]+4k

1l — J4+9+16 J29

n=
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AT THAA 1 3T THRLOT

F(z f+_3}‘+4l€J—6%
J29 297 29 ) Y29

SETET0T 14 I9AA 7 (61 -3 j—2k)+1 =0 W a1 fIg ¥ =/t TT o 318 AT i

feer-h IS A Hifey

T GO o T GHIHI0 i $H YehN ook {ehA1 S Tkl o
F(=61+3j+2k) =1 (D)

¥ 1—67 +3j+2kl=.36+9+4 =7
TgferT (1) & <1 g&l 1 7 9 9 G W EH 9@ ® TR

sﬂﬁw%ﬁﬁﬁ:—gh%%%éwﬁwmw%ﬁt@ﬁ%

Y o ¥ 30 TER 5 H -t 003 2
777

SEETOT 15 §Haa 2x— 3y +4z-6=07h Ha fag ¥ 30 I HifSu
Tl FHifeh a1 o ifeeid & fKep-3u 2, -3, 4 7 39T saat fep-wiameA 2
2 -3 4 2 -3 4
J2 (344 23 48 (3 + 4 M 5 9" Voo
AT FHIRTOT 2x — 3y + 47— 6= 0 1A 2x — 3y + 4z = 6 &l /29 ¥ A HH
WFWW%

2 -3 4 6
X+ —y+—F——7=—7—
V29 V29 V29 7 29

3ﬁ?¢l€lx+my+nz=d,$@ﬁ%ﬁ%ﬁgﬁwaﬁ§ﬁd%lsﬂﬁﬂl

THael 1 gl fag o i %%I
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SEAETOT 16 9 fag § ¥9dd 2x -3y +4z-6=0
T Sl T A ok UIg o R A i
T AWM ot 7 fog ¥ wwad 98 e T @6 6
% P R (v, y,z,) T (P 11.11)1

e @1 OP o fXeh-31qud x, ..z, 2l
Wﬁﬂﬁwﬁﬁwémﬁmﬁm%ﬂ

o ¥ fe 3TTRTA 11,11
2 3 4 6
NN TN TR

4

. 2 3 .
Sl OP & feep-erqumd @’@’@%I
Fifeh Tk T o fap-RiAET iR fKep-3Tad THEU B 21 ea:

Cod I | SR — L
2 T 3 4
J29 0 29 V29
2k -3k 4k
o = V9T e s
Eﬁﬁw%ﬂwﬁuﬁwﬁamﬁwwnﬁ%ﬁsk:%
12 —-18 24
aaaaa%mekﬁéw(z—gz—g,z—gj%

Ik @ fag ¥ W # QW 4 F IR wEad ok fued w
faeh -G [, m, n & T 9 HT IR (Id, md, nd) & 2|

11.6.2 T fow Gfgyr & arqeia a9 fou fog &

glaHY ST aTet @HdeT T THIEUT (Equation of a zZ

plane perpendicular to a given vector and

passing through a given point)

SAafte o, T U MY Wit o sigee s guHaa P(x, ¥y 7))
g "ehd § WY & G T &g Px, v, z) ¥ 39 Q %

Jeh T o1 Shdel Ueh THdel 1 Afede 2l ¢ (fEu
qu;ﬁ[ 11'12)| X 3:"?&[11.12
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7 i foh w9aa T fag A, fSeent fefa
ey G €, ¥ S € SR Wy N ok oged g1’
e for wwae W foret fag P fearfa afew 7@
(3R 11.13)1

a9 fag P avde o feord @ 2, Ak ok e

o AP, N W @ #, st AB.N-0. W ~7
AP=7—g . THfeq TRt 11.13

(F—a)-N=0 (D)
IE THAA 1 A IR

HAT BT (Cartesian Form)
o\ e foF e @5 A (v, y,, z) 3R WA W FE FYP (r, y,2) € 1 N %
fEeF-31qaa A, B @1 C®, el

d=xi+y j+zk F=xi+yj+zk 3R N=Ai+Bj+Ck

GEl (F—d)-N=0
Fafey [ (x=x)i+(y=01) +(z=2)k | (AT +B j+Ch)=0
?PWﬁFL A(x—xl)+B(y—y1)+C(z_zl)=()

IETET0T 17 39 HHdel 1 WiE SR A FHiehor 9 i, st fag (5,2, — 4) 9 S
? ¥R 2,3, - 1 feep-3rqum areft @1 W &4 B
Tl B9 S ® T g (5,2, —4) 1 ferfa ofswt g=57+2)—4£ ? iR 9ot o @«
#1 fyeis Ak N=2{+3]-k 2
THfAY el 1 @iy T (F—a)- N= 09 yed 2
0 [F—(57+2]-4k)]-(2{+3]-k)=0 e (D)
(1) =1 AT &Y § TR0 HH W eH W ©, 6
[(x=5)i+(y=2) J+(z+4)k]- 2 [ +3j-k)=0
70 2(x=5)+3(y=2)—1(z+4)=0
?ﬂﬁﬁﬂ 2x+3y—-z=20
S T T AT FHRT B
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11.6.3 &7 eraiGEa feigait & glehy S arel
qaad &1 GHIEIUT (Equation of a plane
passing through three non-collinear points)
T ifee graa W feom 91 smetw faget
R, S 3R T o feufq wfewr wawn: a,p 3R e ®
(3TMRTd 11.14)1

gfger RS 3R RT f&u g9da # 21 zafem .
Tfesr RS xRT fogefl R, S 3R Tl srfds T 11.14
T AT T T A BN A AT et o
+1E fag Pt feufq @fsw 7 21 safee R @ 9T o1et @2 9f€el RS xRT W o, FHd

1 GHEWO (F—d) - (RSX RT) =0 21
Rl (F-a). [(b-a)x(E-d)] = 0 (D
IE T TE fagefl ¥ ToRA ame 99da oh GHIh 1 |y

ks A M <

| Feroott | SR wfen ® A et fig wE =i ST
27 AfE fog T &) W@ W feord ® a9 3599 o del e gHad
B (3TRfa 11.15)1

I THAA Ueh Y& oh s3I k1 A1 g sl

fagell R, S iR T &l sfdfde & aeft @
&k o Je3i oh Sed ol T T §eE g 3TTeRfT 11.15

ST ®Y (Cartesian Form)
qﬁ?ﬁmﬁgﬁ R, S 3ﬁT Téb‘ﬁismﬁ ShHRT: (X1, y1, 21), (X2, ¥2, Z2)3ﬁT (x3, y3, Z3)%|
M ity for waer W ferdt fag Pop s (v, v, 2) @ 3@em feafa wfger 721 @@
RP =(x-x)f +(-y)j+G@-2)k
RS =(2—x)f +(2—y)j +(2—21) {

RT —(X3 X1)l+(y3 yl)J +(Z3—Z1) k
T gAl 1 9w YEY o g (1) § ufaeerd s W g9 ud © T

X=X, Y=y <=z
X2=X1 o= Z-4

X3=X V3~ P Z3—Z%
SifsiEl ﬁ“lg (x1, y1, 1), (X2, y2, 22) 3ﬁT (x3, y3, Z3)@ 'ﬂ\_‘ﬂﬁ I HHAA o HHIHIOT ki
FHT &Y

=0
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saeroT18 fogeti R(2, 5,-3), S(=2, -3, 5) SR T(S, 3,~3) W M el THae ol G
HHIHROT Td SHifSTl
ST WM ST G=2{+5]-3k, b=—27 -3 j+5k, ¢=5i+3 -3k
T G, b ARG W SM o6l GG 1 Gy gHieh fefatEa 2
(F—a)- (RSXRT) =0 (F1?)
R (F—d)-[(b-a)X(E—ad)] =
e [F—(2i+5]-3Kk)]-[(—4i -8 j+8k)x(3i =2 /)]=0

11.6.4 GHAT & GHIFIUT &7 31d: @eE-®Y (Intercept form of the equation of a
plane)

T I35 W, TH TS o THIHIOT I, IHh gNI feemnel | e fd: T o ®9 H
A H| A AT U HT FHHIOT

Ax+By+Cz+D=0 (D#0) 2l o (D
T ST THA G x, y, 3R z-318l W e 3id: TS HAN: a, b 3N ¢ (3T 11.16) T
T WHAA x, y 3R z-37ell ¥ wEw: g3 f (a, 0, 0), (0, b, 0), 3R (0, 0, ¢) R firew 2|

_D Z
Tgfeae Aa+D=02|TA=7
-D
Bb+D=OZITB=7
_D %
Cc+D=0aC=— Q (0,6,0)

T HE b1 THAA o TR (1) H giaeentid s 3K
e 1 W EH U ¢ 6

P (a,0,0)

X 3TTeRTd 11.16
y

X Z
—+=+-==1 - (2
a b c @

S 3{d: @S ®Y § THAA 61 AU GHIEH B

SETETOT 19 U THAS 1 FHIHTOT MG ShITT Sl x, y I z-3180 T Ha9: 2, 3 3R
4 3{q: @S e 2l

T | NSy, el 1 THIeh0 B |

Tl (D
a b c

T a=2,b=3,c=47M 2
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a,b 3R ¢ T gH w1 (1) § yfaeenfod s W) g0 g9q F1 A gHie

%+%+§=1 A 6x+ 4y +3z=12 9T & &

11.6.5 g foU wwaent & Ufdwde" @ gy W= arem GAae (Plane passing
through the intersection of two given planes)

A A n, iR on,  wwaw, R W
FHA: 7oA, =d, IR F. A, =d, § Tk gfaesd
@ w feom foeet fog w1 feuafa afcw =3 34
HHIHION 1 T HEM (AH 11.17)]

foi,=d ¥R -7, =d

gHifew A o Gt arafass o= & fau g9 U § fe
7 (i, +Miy) = d,+Ad,

Fifer 1 Wws T T 98 W@l & fwd fag &1 gqe s 2
T THR THIBI 7 - (7, + Aii, ) =d, +\d, a7, %1 FHefia o € i o € foF A
g WEw 7, 3R w1, o THIRON Sl TP HA S A 98 w1, Bl ST TP HAT
5 WEAE 7 i, = d, 3R F i, =d, % Ufaede Y@ 9 9N 9 fRe whae w6
THET 7 (i, + Aii) = d, + M, | (D)
SHIdg &Y (Cartesian Form)
FHAF €9 o faw A

i, = Ai+B, j+C,k

i, = A,i+B, j+C, k
3R F = xf+y}'+zl€

@ (1) =1 uREfda &9 2
x(A+ M) +y B, + AB) +z(C, + AC) =d, + Ad,

el Ax+By+Cz-d)+ MAx+By+Cz-d)=0 .2
S Y& A o foru fou gaae o gfdeos 3@ 9 gl SH a1 fordt Ioad &1 i
HefieRTor B
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SEAEIOT 20 WHAAl Fo (4 j+k)=6 3R F - (2 +3]+4k)=—>5,% Ufdeseq qen fog
(1,1,1) ¥ M oTet 9adael 1 AfKyT eI A1 Sifsd|
T W i =1+ j+k SN i, = 20 43j+4k #Rd, =6 R d,=-5%
O G 7 - (7, +Aiiy)=d, +Ad, FT T FH X,
Foli+ j+k+0 Q21 +3 j+4k)] = 6-51
a F-[(1+20) 7 +(1+30) J+(1+40)] k = 6—5\ (D)
el A U aTEdfash §e 2l
F:x{+y}+z]€,1_@ﬁ-q—{g_q‘qlﬁ%ﬁ5
(xi+y j+zk)-[(1+20)  +(1+30) J+(1+4N)k]1=6-5)
a (1+2A)x+ (1 +30) y+ (1 +4L) z=6-5A
I x+y+z-6)+A 2x+3y+4z+5=0 .. (2

39 AR s1efiee goaw fog (1,1, 1) § S €, ofd: g% g, (2) & g Fan
S,

~

(1+1+1-6)+A2+3+4+5)=0

_3
T 14

A% 39 9H & (1) § gfaeenfod & W 89 U 7, TR

- [(1+§)f+(1+2)}+(1+§)/€] _ 6—£
7 14 7 14

Kl A

il

10, 23, 13.) 69
Rl Fol =i+ 42k = —
: (7l+14]+7 ) 14

B 7-(200+23 j+26k) =69

S gHad &1 i giew w2

11.7 S Y@Til &1 WE-aeid 3T (Coplanarity of two lines)
M st foF @ e T
F = G+ (D)
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e Fo=d,+ub, B (2
T (1) fag A, et feafa wfewr g, 8, 9 €6t St € qen j, & 9 €1 (2)
fag B et feafa wfewr §,2, ¥ B9t S 8 qo b, % IR 2| 09

AB = 4,-4
T W@t We-qcd €, Ak 3R e AR AB, b, 3R b, We-aeia g1

AB.(bx b,) =071 (4, — @) (bxb,) =0
Hdid ®9 (Cartesian Form)
oM ofiferg fom fargent A iR B o fceness soen: (xl,yl,zl)éﬂﬁ'{ (xz,yz,zz)?\fl e s
& 51 3R 52 ED ﬁﬁﬁ—?ﬂﬂcﬂﬁ $®RMia,b,c, 94 a,b, c, %\'I ad

AB=(x, —x)i+ (=) j+ (2, ~ 2k

l;l =a,i+bh j+c k; iR l;z=a2f+b2 }'+c212
T @ wE-qe €, A SR e AR AB- (b, xb,)=0 5 FAfafad s s
Y =Rt T T 2

Xo—=X1 Yo=YV L~ %

aq, b, ¢ |=0 . (4)

a, b, &)

SaET0T 21 J9isy fom Y

- - 1 -2 z-35 .
x+3_y-1_z 5?{941 x+l_y-2_z e ¥
-3 1 5 -1 2 5

TA dR eH WA € fF x, =-3,y,=1,2,=5,4,=-3,b,=1,¢,=5
x,=-1,y,=2,z,=5,a,=-1,b,=2,¢,=5

319 Frefafed IRfoe o ™ 89 99 © 6

Xo=X% =N L—%4 21
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11.8 St GHASH o el Rl hIOT (Angle between two planes)

TRSTET 2 B GEdel o od T IO Ak SATNcidl o HEAE i g URHd @
(3Mepfa 11.18 (a))1 A fST foF afs < GHael o = %1 w01 @ & df 180 - 0
(STHFA 11.18 (b)) it 37k = KT K10 | €H 7 0T hl € G o <=l BT 1T il

A St foF wwaett, 7o =d, 3R 7 -7i, = d, % o H F0 T 79 fHE w6
fag ¥ wudel W wie MU SAfersl o de 1 B0 0 2

n-n,

GGl cos 0= |—/——2=
ln, | 1n,l

ITfreial oF i< kT hIOT
Wl/?_)/\=)90 -(90-0)]
n, (/ _)/ ,
/ Naw /9N >
90-9
) HAA 2 “;/
5 3 ' 180-0

T I
@ STEfT 11,18 ®)
| forooft | el wER e ® AR g, = 0 iR R € AR 78R

7i, TR &)

HAT ©T (Cartesian Form)
M ifSTe e :
A1x+B1y+C1z+D1=O3ﬁT Ax+B,y+C,z+D,=0
o o= 1 10 O B
o wHae & stfreta o fesp-sgua %AW A, B, C, 3R A, B,, C, 81 AT
A A, +B, B, +C, C,
T |Ja2eB e [AZ1B+CE

cos 0

1. afe <9 THdd IR ofd & d9 0 = 90° 3 TH TE cos O = 0. 31
cosG=A1A2+B1B2+C1C2=O
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2. fz < T TR S AL = Bl

A2 B2 2
SETETOT22 § WHAE 2x+ y—27="5 3 3x—6y—2z="77h 9 1 o] Gy fafy
AU ISECAIE

ol q GUadl % 9 F B0 & B S Ik SATacral o i 1 HIU ¢l GHae &
feu T TR W gHae o 9fewr Afaed

B_C
C

Ni=20+]-2k3R No=3i-6j-2k %l

Ni-N, Qi+ ]-2k)-GBi-6]j-2k) [4j
QH\EQ 0= |— — = )
TN NG| JA+1+4 J9+36+4 21

il

SIRK 0 =cos 1

SETET0T23 & |HAAl 3x— 6y +2z=7 3R 2x+2y— 2z =57k ale 1 I T HITY
A x+B y+Cz+D =0 3ﬁTA2x+B2y+C2z+D2=O
¥ F W W I 2 A =3B =-6,C =2
A,=2,B,=2,C,=-2
3% 2 +(=6) (2) +(2) (-2)
\/(32 + (=67 +(<21) (22 + 2 +(-27?)

9i: cos 0=

-10 |5 53
T 7x2V3| 73 21
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11.9 Twae ¥ faw 7w fog =t gt (Distance of a point from a plane)
wfaor wu (Vector Form)

e fog P foreen feufa wfewr 5 @it & wvaw ., &Rt |0 7-h = d
(3TMeRfa 11.19) | fo=m Hifsm)
z

V/

T, T,
o
p 2 L\ P
---- I a
a N’ N N Sy
0 A v 0 [
K--moTT U |

(a) X (b)
TRt 11.19

TH: f9g P9 wHael 1, o WHIR FHael 1, W fo=R ISy q9del nr, o 3ffoels
THTE WY 4 B 3: SHH THHWO (7 — d ) i =0 €l

(3TeRfd 11.21 (a))
PQ=ON-ON'=ld- a-il

2, S T o5 ¥ A HEGe W e h1 e 21 3ehta 11.19 (b) % faw ew 36l wehR
T TROMY T T TR B

1. afE THTA n, 1 THROT 7. N=d, % &9 F ¢, &l N THqa | e 2

e —'5~|§|‘d' 8

2. A fog 09 ¥9dd 7. N =4 &I 0 %%(wﬁ&:@
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Eanipikay (Cartesian Form)
A T Px,, y,, z,) T T fog @ fowme feafa wfew g € qen oo wwaa =
T THIHTT
Ax+By+Cz=D%
qad 5=xlf+y1}+zll€
N = Ai+Bj+Ck
37d: (1) o g1 P ¥ UHdd W &d i cAaTg

(Mf+%}+gé){Af+B}+Cﬁ)—D|
\/A2+B2+C2 ‘

Ax1+By1+CZ1—D|
\/A2+B2+C2 ‘

SETE0T 24 f9g (2,5, -3) I WHAA F(67-3]+2k) =49 T @ &S
T W G=2i+5)-3k N=6i-3]+2k3Rd=4.
zHfere 65 (2, 5, - 3) #1 Ky Twaer @ 50 2:
127 +57-3k)-(6{-3]+2k) —4l
167 -37+2kl

112-15-6-41 13

J36+9+4 7
11.10 Teh @ 3T Toh HHAA o Ster T hIUT (Angle between a line

and a plane)

UFTaTeT 2 Uk Y@ 3N Tk HHAA oh o9 1 B, srfigeig—> //3{{_9|T

@ 3R gude o Al o o= ok IO HT HI
(complementary angle) I B © (3TRfd 11.20)1 / 990_ o /

|feyr ®T (Vector Form)

T ST foh Y@ B O F =G+ A b ® d a
A 1 GHRTT 7 ji = d 81 99 W1 SR qHaA % JMeRTd 11.20
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sAfretss o o= &1 Fo 6, FreAfefad g gR = fohan <1 g 21

b-ii
16117
3R 39 YR @1 3R WHAe o St 1 0 ¢, 90° — 0, G WEH B 37

sin (90° - 0) = cos O

cos 0 =

b-ii | bn
SIS n¢=|—=——,[Ao=SN " |——
it sin ¢ IbIInI‘ \ |b||n|‘
+1 -3
mzs%@nxz =%=Z6 3R THAA 10 x+ 2y — 11 z=3 o <= &1 101 A
Hifem)

T HH ST foh Y@ 31k 99da o SAfeia & e 1 &0 21 KU T Y@ qen gHae
o THEHION i AW &9 § Fgd HH W 1

=(—1+3k)+A(2i+3]+6k)

S|

3R F(10i+2j—11k) =39 & &
et b=27+3j+6k 3R ji=10i+2]7-11k

. o Qi+3]7+6k)-107+2j—11k)
Poosnes 2+ 3 +6 107+ 22 +11°
R E ()
= 17xas| T 21 T M= sy
[woraett 11.3]
1. frefafad ye i & @ 98 o gHaa & sifietd 1 fieh-shiae ik gt fag
RUEIGEEIIE LS
(a) z=2 b)) x+y+z=1
() 2x+3y-z=5 (d 5y+8=0

2. 3T GHAA 1 FiEY TR0 AG KT, S gt fog @ 7 A9 W W 7, MR
gfee 37 +5 ] — 6 k W Afveia B
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10.

11.

12.

13.

Tfora

. Trefafeq gaae =1 S T I Sitee:

@ F-G+i-k=2 b) F-20+3] - 4k) =1
(© Fls=20i+B=0)j+2s+t)kl=15

. Trefafe fefet o, ga fog @ @9 U @9 & ag & fadene a9 Sifsu)

(a) 2x+3y+4z-12=0 (b) 3y+4z-6=0
() x+y+z=1 (d 59+8=0

. Fafafaa afasn o siafa Tuact 1 afswr T STda THIEHO Jd Fieg S

(a) §3(1,0,-2)F S & 3R {4 j—f "wacd R foera 2
(b) 13 (1,4, 6) T S &1 3R {244 FAqa R sfuca Tl 2|

. 39 Gudcl 1 TR 1 ity s frefafaa d faget @ Terar B

(a (1,1,-1), (6,4,-5),(-4,-2,3)
b (1,1,0),(1,2,1),(-2,2,-1)

. GUAA 2x+y-—z=>58FN HIC T Hd: Wel I Fq HifoUl
. U GHA 1 FHIHTOT A RIS TSR y-318 W @S 3 X S ad Z0X

& G 2

. SH GHAA %1 GHIHIO AG BT S OFHEAA 3x — y + 27 — 4 = 0 3

Xx+y+z-2=0%% Hiqesed aur fag (2,2, 1) ¥ BT ST &1
I UGS H1 GEY G0 [ Hifee S wHael F.(20+2 ) -3k) =7,

F.20+5]+3k) =9 o wiaesed W@ 3R (2, 1, 3) ¥ EHT @ 2l

et x+y+z=13?\\T2x+3y+4z=5$9ﬁ@ﬁi@'{}|%ﬁ?{ﬁﬁ31ﬁﬂmﬁ
x—y+z=0T Aded qa ] GHIRIT T HIFT

Trae!, foer afser gt 7-(27 +2 ] - 34k)=5 3R

F-3i—-3]+5k)=3 ¥, o a9 & I01 1@ it

frefafad gei & 3w o = fau 7o aude o g GHicR 7 Steren seeq
€, 3R 39 feufd ®, 99 2 7 o 99 © 3R 7 € e al S S H R0
[d hifeTg|

(@) Tx+5y+6z+30=03M3x—y—10z+4=0

() 2x+y+37-2=03Wx-2y+5=0

(€) 2x—2y+4z+5=033x-3y+6z-1=0

(d 2x—y+37-1=03R2x—y+3z+3=0

(€) dx+8y+7-8=03Wy+7-4=0
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14. fmfafed v & vk K M fog @ ke 7u @@ g9ae ot g 99 St

fog Tuae
(a) (0,0,0) 3x—4y+12z=3
(b) (3,-2,1 2x—y+27+3=0
() (2,3,-9) Xx+2y—-2z=9
(d (-6,0,0) 2x-3y+6z-2=0
fafaer 3ergvor

SETETUT 26 U I, Uk 94 o a0l o @ o, B,y, 8, HI0T a1 € af fog e R

cos® o + cos? B + cos? Y+ cos? & = 5 Z
Tl U ¥, o THHITUTh Teheish i eidl ¢ fordeht CO.% D0, 4, 0)
T, =S 3N S T B 2 @,0,a) G -
M ST f6 OADBEFCG T& ¥+ St y&ie (a,,a)
ST q a1 B (3MRfa 11.21)1 o B(o,a,ﬁ}{
OE, AF, BG @R CD =R faeti €] <& 8@ 0.0) D@, a,0)
ﬁﬁg@ﬁ O aa EEF}WWWOEQW R 11.21
faskul OE o feep-ahtars

a—0 a—0 a—0

N+ +a N +a? +a® N +a* +d°

1 1 1
BB

BRI g L 1
FEEET EE s Rt
A ofifse §t 7 W St OE, AF, BG, 31k CD, & ®191 99T a, B, Y, 3T & hi0T S
%aﬁﬁﬁﬁ—aﬁ'{:ﬁ:{l,mn%
qd cosoc:% (l+m+n);cosB=%(—l+m+n)

1
cos Y= \/7(l—m+n) cos & = \/f(l+m—n)
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a1l ¥eh Sied W BW UM € TR

cos? o + cos’? B + cos? ¥ + cos? d

[d+m+n)’+H+m+n)?] +(-m+nP+{+m-n)

[ = 0| =

4 .
3 [4(P+m*+n?)] =3 (FfE P+m?+n2=1)

SETET0T27 I A 1 HHIHIO A shifee few fag (1, - 1, 2) sfafde @ &R S

W?Wﬁ2x+3y—2z=53ﬁ'{x+2y—3z=8ﬁ@93ﬁ7>5‘?ITF{E[%I

7ol feu T fag i efafds o aret GHAA 1 FHIH
AG-D+By+1)+C(z-2)=07%I . (D

e 2x + 3y —27=5 3 x +2y—3z=8,% & (1) g Y& HHqA T ol B o
Yfqas 1 T % W BH UM © T
2A+3B-2C=03RA+2B-3C=0

T GHIHTON 1 B T W EH U B o A=—5C 3R B =4C
1a: arefiee gt 2
~5C(x-D+4CH+1)+Cz-2)=0
37eIiq Sx-4y—-z=17
arEtor 28 fag P(6,5,9) @ fageii A(3,-1,2), B (5,2,4) 3R C(- 1,- 1, 6) g
i wwaa &1 g0 1 S|
o 7M difu o gaaer o €19 fag A, B, @en C €1 fag P9 9Hdel W o *1 UG
Dl & 319 0 PD 10 ®& € Sl PD, AP &1 AB x AC W W&U 2|

T PD= AB x AC % ST Tohté Ww a2 AP o1 S1fa® ToHwe 21
I AP =37 16j+7k

iJ ok
3R ABxAC=|2 3 2/=127-16]+12k

-4 0 4

i—4j+3k

. 3
AB x AC & 3w 3ohTE @few = Ner!
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3 §B=(3f+6j+7b.§L:iiiiﬁ
J34
_ 3434
T 17

farereua: fag A, B 3R C o o a1t 9det sh1 IR0l T1d shifeg iR qd fog P
FT TS W U G wife
SETEI0T 29 WY & @
x—a+d y—a _ z—-a—d
o—29 o o+

x—-b+c y-b z-b-c .
R 5y " b Bev TE-qela

B T8 o ¢ TR

y=a Y, =
7, =a+d z,=b+c
3?|I alza—s a2=B—’Y
b = a b,=8
c, =0+ c,=PB+y
SCRSINEEY
X=X Y=Y H—% b—c—a+d b-a b+c—-a-d
a, b, a |- o-29 o o+9d
a; b, %) B-—v p B+
TR foEm i)

T w9 ! Ted WH A Wied W eH U B

b—a b—-a b+c—a-d
21 o o o +90 =0

§ B B+y
it gorm 3 fgdta @9 gue 21 &1d: <1 Y@ ge-aaid 2l
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SaTetur30 39 fag o e Sifey swf fogst A3, 4, 1) 3R B(5, 1, 6) 1 fiem
arelt Y@ XY-aa 61 Hed 2
T e A SR BY W1 a1eh T 1 aRw S

FE30 44 +k+AMG-3) +1-4)]+(6-1)k]
e F=3i 44+ k+A(27-3745k)% (D)
M ofifse Pae fag @ el T AB, XY-d1 &1 Sfd=se idl 21 aa fag P fefq
A i +y ] F TTH R
7 fag erava & g (1) H1 °4qe w1 (FD)

A xi+yj= G420 i +(4-30 j+(1+5Mk
i, G eiR £, TOTRN F O R W EH I T

x=342A

y=4-3A

0=1+5A

ST THIHON i B HE T EH UMW © TR

B 23
=5 02, S

ar:; erefiee fag o fdwmen [§’§’Oj§l
e 11 T fafaer gonacit

. feame & ga g @ (2, 1, 1) foam @l @, faget (3, 5 -1) @R
(4,3, -1) ¥ Tuif| @ w =« 2

2. AfE T WO o9 YEnew # RE-FEEd [, m,n, L, m,n @ @ sy fE
T T W A9 @ hi K-
mlnz—mznl,nllz—nzll,llmz—lz—nq%l

3. Fi@ﬁ&qwaﬁmﬂﬁﬁﬁm,ﬁ?ﬁﬁﬁ—a@%a,b,cﬁ?b—c,c—a,
a—b?

4. x-318 o GHGL q1 qoI-Tog ¥ S el @1 1 GHiehiol 1 Fifsal

5. =fg fagsi A, B, C, 3R Do fdwnes s991: (1,2, 3), (4,5,7), (-4, 3,-6) 3R

(2,9,2)% d AB 3R CD ¥@i3fi & o= &1 S0 Fd HifT)

[
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11.

12.

13.

14.

15.

16.

17.

18

-fordiar senfafa 513

-3 2k 2 3k 1 =5

@ kT HE @ HISC

65 (1,2,3)® STH ot @1 94 7 (7 +2 j-54) +9 = 0 oo @ i
feeT T T it

95 (a,b, c) | STH ol T T 7. (§ + ] +k)=2 o THIR q& T FHHT A
HifsTT)

et F=67+2j+2k+A(@-2]+2k @R
F=—di—k+n@i-2j-2k d= % Za9 g0 76 S

34 fag & féwis 9@ wifSw el faget (5, 1,6) 3R (3,4, 1) 1 faem @
W YZ-de ! e 2l

34 fag & féwis 9@ Hifew el faget (5, 1,6) 3R (3,4, 1) 1 faem =
W ZX-de 1 w2l

39 fig o Frdenss Ta Hife <=t fagedt (3,-4,-5) 3R (2, -3, 1) T ToRA arett
W, A 2x + y +z=7 % IR S 2l

fag (= 1,3,2) ¥ S el qe0 9l x+2y +3z=53R 3x+3y +z=0% ¥
Y% T A THAA 1 GHHIO F1G HifoT)

afz &g (1, 1,p) 3R (=3,0, )T 737 +4j-124)+13=0F 94 30
R feod =, @ p 1 TH A1 hifer

A 7o+ + k) =19 F 2 +3]—k)+4=0 % FaeIsT @1 ¥ WA
el qAoT x-3781 oF HIAR 1 oh1 THIHOT A1 shifsTu|

afs 0 qa fag qen fag P& s (1,2,-3), €« fog P9 <9 o1l @1 OP
o d9aq qel ol FHIHIU F1d Hitsal

TA Fo(f+2j+3k)—4=0 3R F- 27+ j—k)+5=0% T @
FHafdte 3 a1l q1 T 7o (57 +3 j—6k)+8=0 o Taaq el H GHIH
S it

g (= 1,-5-100 9 W1 7F=2i—j+2k+AGBi+4]+2k) 3R Faq

7-(—j+k)=5% dfaes fog & 7 &1 @ 9@ it
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19. 8 (1,2,3) @ < ol @on quaett 7 (G — j+2k)=5 3N 7-Bi+ j+k)=6F
AR @1 1 T THwI0l Jd hifer|

20. fig (1,2, -4 ® SR et iR I e x;Szy_Jrlégzz;lo s

x_315= y_829=z__55 W e @ 1 HE G | it
21. @€ Th HHAA o IFATE a, b, ¢ AR THH! Gl fag W gl p e € ol g
e Lot 11
a b c p
Te 22 3R 23 H HE ST T A BT

22. T HEASA 2x+ 3y +4z=4 3R 4x + 6y + 8z = 125 o9 &1 I 2

(A) 279 B) 47FE () 8$TFE (D) % e

23. WHAA 2x—y+47=53N5x—25y+10z=6%T:
(A) IR (B) HHIHR

(C) y-3181 W fdesed wid 2l (D) fog (o, 0, %)@ TR R

qRTIT
¢ T @ F fem-wmare W@ gn el it oA fIen < @ aAn
1 IR Bl 2
L W&@Fi@aﬁﬁ@_—w l,m,n%ﬁp+m2+n2=l
¢ T fagsi P(xl,yl,zl)?:ﬁ'{ Q(x, ¥, zz)ﬁ e areft @ wi f<ep-hdmnE
NHTXH TN T4 5
PQ ° PQ ~ PQ
SR PQ = /(x, — x)” + (3, — y)° + (2, — 2, F

¢ TF YEr w fag-orue 3 et © S Y i fas-shiee o wErgem
Bt g
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¢ It T W@ # KE-FEEA [, m, n IR Kh-9M a, b, c & @
T a o b o @
_\/a2+l72+cz’m_\/az+bz+cz’n_\/az+bz+c2
¢ foawHdaeta Y@ sfaier &1 o W@l S A d g9 € SR T 8 giaesd 2l
g Y@t fafa= aal o 2t 2l
¢ faumaeia Y@reit & s & ®I0T o8 &0 7 S Uk R g (ahEd g
fag &) o fawmdeta t@nsti § § yoie o FHiR GiE 7 a1 gihesel e
& &g | 2
¢ T ll,ml,nl?:ﬁ'{ lz,mz,nZW—WWﬁi@ﬁa?ﬁﬂweé
qd

cos® = L, +mm,+nn|

® IR a,b,c 3R a, b, c, Tep-su aclt @ TE@et ok d= H = B
0% o
a, a, +b b, +¢ c,

\/alz+blz+c12 \/6122+b22+6‘22

¢ T 3. fag fomet feafa afew 5 @ 9 o0 ol iR 9few 5 & gai @
1 FET GHH 7= G + A b T

* 55 (x,y,2) ¥ I o @ ok Ree-FE=T £, m, n &, F FHHEW

X=X _Y=h_27% 3
n

cos 0 =

l m

s fre fe R G AR S E S A T A e = e
THE F=G+ A (b —a) R
* D fEE (x,y.z2) I, y, ) @ TH AR Y@ w FEE G

X7X% _ Y~ _27% 2

Xy = X Yo= N 7%
¢ AR D @A F=g +Ab I F=a, +Ab,, F WA F AR 6 T A
51'52
>

15, | 1D, |

cosO =
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o R e L0 - 2N I g

1 m n

TN YT _ITU s et

[, my n,

cos© =1L, +mm,+nn)

¢ T fawmacta e o S # A 30 9% Wrde © S S e W
o 2

¢ W@ F=a +Ab I F=d, +ub, F & I I

by % b, | #
Qaﬁi@gﬁx_xl_y_yl_z_zlaﬁ'{ X=X ) )’z_Z Zzéﬁ
a, 1 C 2 b, Ca
e =AaH g
X=X Y= N 2%
a, b o1
2l
a, b, (%)

Jbie, —bye,) + (cay — ey, + (aph, — arh,)’
¢ J TR @S F =g +Ab MR F=g, +ubH A B G

b x (d, —d,)
51|

¢ TF gHad, el qa foag 9 3 ¢ 7 wHaa W o fog 9 sifves s
qfeer A 7, o1 Gie &9 § GHA Fofi = d B

¢ TH gHad, el g o5 § g 4 71 9Haa o sifeid @i feeh-ahiamed
Lm,n €, %1 GHERIOT [x + my + nz = d €

¢ U fog fomen feofq afewr ; o S aren iR 9k N R o« Foad 0
THH (7 — G ). N =0T
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T fRu M g (x,, y,,2,) T A SR T D @ s Rep-ergu A,
B,C %, W & THAA Hl THIHIA (x—x,)+ B (y—y) +C(z—z,) =0Tl
e fogel (v, 2,), (4, ¥, 2,) 3R (x,, v, 2,) @ STH o6 T
WEF{'UT%:

X=X Y=Y 2%

Xo =X M=V =% =0

X3 =X Y3 = V1 %
= fogett foer feafd wfewr g, b @R ¢ 1 sfdfde & arel THAA &
et T (F—G) . [(b-d)x(¢—ad)]=0
TH Gudd S R i (a, 0, 0), (0, b, 0) AR (0, 0, ¢) W HEA €,
H’Eﬁwf+l+£=1%|

b ¢

a

AN 7-7i, =d, AR F-ii, =d,h Fdesad H oA ael FHAA 1 HiE
THIRIT 7 - (i, + Aiiy) = d, + Ad, & &l A TH I=ad 2
el
A x+B y+C z+D =0
3ﬁTA2x+B2y+C2z+D2=0
o gidessd | e dlel 9ael 1 HHIR
(A1x+B1y+Clz+D1)+k(A2x+B2y+C2z+D2)=0%I
AT 7 = G +Ab SR F =, +pb, F-a9 8 AR

(@, =) (b xby) =0
fg IR mﬁgﬁ A(x,, y,z,)dd B(xz,yz,zz)@ ’\FR?ﬁ ? 99 gt

Xo =X Vo=V L4
a b, 9}

g =g =0

a, b, )
< et FTeoh |iee ®9 7 /i, = d, 3R 7-7i, =d, B 91 Sk <<l T = 100

| n, -, |

02 d9 0 =cos’

I, ln, |
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i
W@ F=d+Ab 3R TA F-A=dh S H A &0 ¢ T T

A

b-n
Ib11A]

in ¢ =

el Ax+By+Cz+D =0dd

A2x+B2y+C2z+D2=O€FEI'1?l3H-_*’{"TEIﬁ'UT9%W
A A, +B B, +C, C,

JA? +B? +C A2+ B2+ C2

wfew w9 #, uF fog few feft wfw g § @ 9@ 7oa=d¥ Q@

ld—a-7l B

Th 95 (x,y,2)H T Ax+By+Cz+D=0%d gt

0 = cos’!

Ax, + By, +Cz; + D
\/A2+B2+C2

2l
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