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CFI'H'ITJIWF'[ Integrals)

o Just as a mountaineer climbs a mountain — because it is there, so

a good mathematics student studies new material because

it is there. — JAMES B. BRISTOL <+

7.1 ‘{&Eh‘f (Introduction)
Fehel TV 3fefehers! i HehoU™l T Shigd &1 el o
el o fau wel @t aReifig 3 ) J9en e 39
YR i @Bl ST JAUIAT &1 TR LAl ahers oh
foTT Tt SITHUROT | FHTeher TG, Ferdi oh oflerd | R
& o &Fhd i URWING HH TS TR &Rl
Reher T 1 wHE ¥ Ui 2

Ifz t% woH £ R S 1Y stashera § i
[ o Yo fag W ®er o Sraehas £ 1 ikl 8, ad
Tk Eifas 99 Sl @ T A 1% yde fog W of7
feam gam © o 9 &1 Wed £ A1 Y Gehd 82 3 Tt o
S8 B U el Sk STaehers! o ®9 | Wi g €, 39
el o WfdeTashers] (TET) HEAM ¢ S 9% g for

G .W. Leibnitz
(1646-1716)

3 gl yfasterhers! WIw Bid §, el b1 SAYed THeher Sedrd ¢ 3R gfdetaeherst
T FE FT TS YHH GHHAT FET FEAd &l 39 YHN h1 I 3 RN
wffeerfaal o et €1 SeeE: At e fRe e W freht ag 1 arcerfoies o T ®,
A Tafas 99 ge Sedl ¢ T o Bw et e w39 o 1 frefa 9@ e gk
27 T YN 1 3 SAERIE To Hglfash qrfeefaal st &, S8l qeeher 1 |ieman
fHfed et 81 FHeher o 61 TR ffeiad YehR 1 THES oF g H o

YA T gfawd 7

(a) AR TH T &1 AdFaS A &, A 3T Hed i A0 A hi GHET,
(b) fafe=a ufaeaen o raTia o o i@ @ R &3 &1 &i5%a A1 &

H g

2019-20



304 Tfora

IU S AT TR o < B i 3R YR et €, eAfivea wHeher we
= THEReHl 39 <Ml 1 Sifed ®9 Heher T Heeld B

Affe=a gurher T HfYed gueher & 9 U o ® o Fee S SR
TG o ®Y H AT S 2| T8G9 iy gueher & fomm we sAfvEitent & ferg
T eIk NS o &9 § J9) a1 stefores, fo ud wifeehar si9 fafa= &=
H 3% YHR Dl Traeht ST &l T ®HE o fou off ffvea a@eed &1 39
ERIRS IR

39 31 |, B9 3T MUk A= wd = IHehel 1@ THehed &l §i9
fafue wfed 3o IRfvw TUrHl o stee & Hifaa @l

7.2 HHTRe ohl 3TAehe o kW Wehd o ®Y | ( Integration as the
Inverse Process of Differentiation )

R o kT Wb i GHIRCH Fed 2| fRdl o 1 eTdehe A0 F & TIH
T TH T T TasharS A 3T € TR THeRT YeiT St IRdfaeh hel A1 w
AU el T B1 9T YHH GHGEH S1El Uid-STahe HEl

szt frefafead 3l | foum &,
B9 S © T %(sin X) = cos x (D
i(ﬁ) — 42 2
e\ 3 =Xx .. (2)
3R i(e)‘) = ¢ . (3)
dx

29 Uferd e § foF iR (1) § ®e cos x Bl sin x 1 Sfaehalsl 21 39 &H
TG YRt Fed B foF cos x 1 UfdsTashers (31¥@l THREH) sin x 21 3H THR (2)

3
TH (3) 9 a2 3R ¢F o fasTashors] (126l GHH) HH: %@ﬁw ¢ B qH: BH
e Fd € R fondht oft arafass e ¢, 98 =R wer 91 S 2, 1 sk I
2, 3R zEfae & (1), (2) @R (3) = Fefafaa 9 9 foa wed ©:
3

d
i(sinx+C)=cosx, i(x—+C)=x23ﬁ'{—(€x+C)=€x
dx dx 3 dx

TH THR B9 2Wd § T SUded worl o Yideraeshers SUdl SHishe Sitgdid
TET €| a%A: 3 Herl W ¥ Yok el oh STYRia gldetaesherst 8, TR g9 et
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TNl & Gg=Id ¥ W3 3T C hl HIE TH TIH Hich I H Gohd &1 T HROT
2 T C ol JUER W= /=R %ed 8| a&qd: C U% W=l 2, ek 7 1 uftafdd
ek g9 XU g Wer o faf= gfastashersil o1 Gurehal shi 9T hid €1 SATTeha: Ak

T Hor Fua @ fh %F(x)=f(x),vxel(wﬁma@13ﬁaﬂm)aﬁm

& o C, ¥ f %[F(X)+C]=f(x),xel

3 TR {F+ C, C € R}, f o Wfdemaehersii o INER i =5e &l €, Sl C
TR 1 3TeR FHeadl 2l

foruit THM STaeherst afcl HelFl § Wk 3TeR 1 3% Bidl 21 SH! i o forg, 9
ST g 3R A TY S we & Tk eraehels ofauet 18 9aM &
fx) =g @ -hx), vxe IgR IRHMNT e f =g — h R fo=ar =i
al %:f’:g’—h’ Y =g x)-Hh () yxe lam 2
JAY f'(x) = 0, Vx € I (aRSFew &)
A 1 H xoh WU& f o TNeRA i R I ¢ R AT £ TH TR 2
Iudert oot o ergER =8 fepd Feprer =maETd @ ff 9Rer {(F+C, Ce R},
f o @it wfasEehers 1 Y i 2
376 T Teh A Fefteh ¥ IR 8 2 S o wferashert o QU oReR 1 frefud s

T8 Tl [ f(x) dx 8, T8 xF W f B SAEG WHERC % ®Y H gl W € |
1;I'c|'1T=b_cT:%":l_l‘f(x)dx=F(x)+Cf?i’@@f%l

Heraw feam gen € & %=f(x),a“r%qy=ff(x)dx1%1@ﬁ%l

gfawn & fau gn fAfafea gdienl/agi/amemen & 39eh 31eff dfed WRof 7.1 |
IeaifEd FW B
|t 7.1
Yiieh /IS /AT aref

jf(x)dx f 1 x % GO FHERA

[f@ax & £ FHIRE
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[ £ yax = x FHHA 1 =
HHTh T <h Tl HHIheld ATd <h Il
f 1 FHREA T %ol F fSaes fag
F(x) =f(x)
THIR A Wik IR 1 Y 1 TehH
AR h1 TR Fg off afas gen 9 sTeR
T HEd 2l

&1 Tedl 4 & 9gd @ Y@ el o STdehetsl oh g S 21 3 YAl o W H
THIHTA o W0 Go 1 g1 foae gehd €1 5 g g 6 g fefated €

T9eR1 I9ART 9 TR Forl o GHERTH! i I HE H HAM

3TdeheTST Derivatives

. i xn+1 o
@ dx| n+1 -
faftre ®9 ¥ 79 3@d ©

()=t

od o
(i) — (sin x)=cos x
dx

(iii) = (- cos x)=sin x

(iv) — (tan x)=sec’x
dx

V) 4 (= cot x)=cosec’x
dx

(vi) — (sec x)=sec x tan x
dx

(vii) d_ (— cosec x) =CO0Sec x cot x
x

|HTRe ( UfdsTaeherst )
Integrals (Antiderivatives)

n+1

Jx”dx=x +C, n#-1
n+1
[dx=x+C

cos xdx=sin x+ C
sin xdx=-cos x+C

sec’ xdx=tan x + C

sec xtanx dx=sec x + C

cosec x cot x dx =—cosec x + C

J
J
J
[cosec? xdx=—cot x+C
J
J
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(viil)

d )
(iX) g (‘ cos™! x) = >

(0 Gelan ! )=

) (ot )=

d
(xii) E(sec x):x\/H

i(—cosec_lx)——
(Xiih) g x\/ﬁ

(xiv) %(ex)wx
() = (1ogl) ==

X

df @)
(xvi) dx \ loga
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I 1(ixx2 =—cos ' x+C

jlfxzztan_1x+c

j1+);2=—cot_1x+C
=sec ' x+C

J- dx
x«/xz -1

J- dx
x«/xz -1

'[exdxz e"+C

-1
=—cosec” x+C

jldx=10g|x|+C
X

X

a+C

-l-ade - log a

YA H BH W SH STaUe o1 o T8l o foed fafv= wem
gftsfg & qenfa feret oft faftre gov o ded o s i oM | we =ty

7.2.1 Yo WATHEAT kT AT F&9UT (Geometrical interpretation of

indefinite integral)

M A o £ () =2 xal jf(x)dx=x2+c a1 C & fafg=1 9mi o fore gq fafa=

gUheE U 81 W SanadE gfe @ 3 gl " Hmehed ®WH ¥l T THKR
y=x>+C, &l C Th @es 3R 8, THheH o Teh URaR ! fF&fud ot 81 C, &l
fafi=1 M 9eM wieh &0 URER o fafu= 9ee a5 €)1 3 Hesh dfferd &g
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AAffrad TR 81 T Yish GHIRH Teh Weetd ohi Fefud il © TorehT 31ef
y—ﬂ%@%ﬁ(ﬂ%l

TWeqa C=0% fu 80 y=x2 I € Wl Tk TH e € fr@ent 3t gor fog
WRIC=1% fACaF y=x2+ | AT y = x> ! TF IHTE y-378] o 37 oI faam
o TN i TR W il €1 C=— 1, foq, ah y=x?— | Waeld y=x> &l Th
THTE -318] o ST UM o § TMIaRd s W e gl 21 38 R C,
YAF YAHE A o fog, 9Rar
F T wer A y-sE x
¥Teeh faen o & 31X C o ol
Tl o fau e Weed &1 Y
V-8 H HUTHe feen H ?1
e H ¥ F Rl T 7.1 H
<31t T B

379 B 3 WISl o Wl x=a
B Wi W e i €1 3Tefd 7.1

o g o> 0 foran 21 7 6 0 <0
%mﬁﬂﬂélqﬁi@x=a \
A

s, s, s,
RS = RS - RS o]
D S D
S N N w0
S S S S
S S S S
N S N N

s/

TN y=x% y=x2+1,y=x>+2,
y=x*—1,y=x*—2 % el fagsti  x

)
P,P,P,P P @& W ®ed € \
al g et fagadl m D o 20

*u, *w,
o - RN BoRS
S l S
-~ S
N >
S S

dx /;
77 fafde wtar ¢ fw o7 o fager /
W okl w e e g x=a
T TFR [2xdv=x"+C=F. (x) v
(M i) o 9w g © TR et st 7.1

y=F.(x),Ce R, @l x=aqa,sq
Hiresed fageti W okl w1 w9l Wl wEiR € Sl o e R oW@: Fefataa wem
[ f@)dx=F (x)+C=y (v i) ool & ufar #i Fwefea Fxa 81 C & i

Tl oF | 8 39 YRER o fafi= 98 9 g @ 3R 3 9ee o ¥ ' Rt
e o] o o G TR hieh U Y Hehd 7| SATYed GHeher ol S
freqn =) 2
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7.2.2 Affy=rad qurehert o =352 gwan‘ (Some properties of indefinite integrals)
39 39 Ufee] | g9 Affed aHehed & 9 TUIEE Sl A S|

@)

(it)

frfafad aRomd & ded H sTaher Td GHEH % WA Tk S % oY ©:
%jf(ﬂ dx=f (x)

R [ /@) dx = f(x) + C. v C Tt W 1o 2
syt A ST R F, £ U gfastasos € srefq

L) = (o

i [f@)ydxe =F) +C
e [ fyds = L(F+0)
dx T odx

=%F(X)=f(x)
T YR B9 SEd ¢ T

d
fx) = I f )

R Fafer [rred =fm+c

el C U =9 7R & TS e =R ed &

Y T A= GHeher 5ok 3Taehers! THM © o5hi & Th & JNaR i Uid
F € SN T YhR A B

Suuf WA A f T g T R wew B

a4 g

g | [rwa-[gwa]=o0
a7 Jreodc— g dx=C =i C s amdfasw @@ 21 (Fi?)
SRE] _[f(x)dxz_[g(x)dx+C
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AT Fohl o6 IRER {_[f(x)a’x+C1,C1 eR}
Tq {Ig(x)dx+C2,CzeR} W%I
TR [ () de 3R [ g (x) dx TG

| feovit | wfem {[ £ de+C,.C, e R} @ {[g0)dr+C,.C, eR} =

TG B FATER [ f(x) dx = [ g(x) dx , forash? =aea wed € o gt o
o & 2l

i) [[fG)+g@]dr=]fx) de+[ g0 dx
soafs o (i) 9

Itr@ e+ swiax] =5+ g0 ()
= &6 9 € R
L[ an fewax] =< [ royar+<L [e@ds = rw+ 50 .
9 JhR T (ii) o "ol ¥ (1) @R (2) ¥ W e ¢ fw
[(f0+g00) de=[ F () dx+ [ gx) dx

(iv) et arefers wemk, & faw [k @) de=k [ £(x) dx

syt qoEE (5) gR dijk f(x)dx=k f(x)
X

air %[k [re dx}k%jf(x) dv=k f(x)

Tl o (if) %1 ST B gY wH U € R [k f) de=k [ () d

(v) WO (i) 3R (iv) BT £, £, ..., f, Bl b1 fAfea Semn oIk andfos demsiik,
ky, ..., k o fQ oft SO R ST W € S fe A9 fean mn @

[k fi) + ks fy () + ...+ K, £, ()] dx
= k[ fiG) de+ k[ o () dx + .4k, [ f, () d
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feu g e 1 UfdeTaherst T1d S o folt gn idaie o T Weld &1 @isl 6hid
& foeeht s1aehetst o gon o 21 st He &1 39 YRR &1 @iel, S U gu e
% Ufd TS A0 I o faT wt W €, i R gR geehed ded ) 3 B
FS SN THE
sareror 1 fleo fafy &1 Swam #d gu FHe=fafaa wedi o1 gfdeteshast T it

1
(i) cos 2x () 3x% + 4x3 (ii1) PEELs 0

&l
() B9 Tk UQ o i @ISl ST =ed ¢ fSTEeht 3faehersl cos 2x €

g S © T % (sin 2x) = 2 cos 2x

2 Ld 2 i[lsinZ)cj
YAl cos 2x = > dx (sin 2x) = AR

3T cos 2x 1 Teh GfqeTernelst %sian 2
(i) B9 TH UH e i @ISl B HEd © e Sfesherst 3x% + 440 Bl

e %(X3+X4)=3x2+4x3

AT 342 + 4x® T fdeTaRa™ o + 2 B
(i) &9 S @

i(1ogx):l,x>oeﬁ>r{i[1og(—x)]zi(—l)zl,mo
dx X dx -x X

o1 3 ) e e T E (loghl) =120
Wfidhlogl)cl S R iéﬁuﬁmﬁﬁ@w%
sarevor 2 Frefafed gaeRer! 1 [ HiNe

> -1 2 2 |
Q) [~ @ feoands ) [o0 260 )y
3
_[x _ldx=.|‘xdx—.|‘x72dx (ToTErH v 9)

2
X
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X1+1 x—2+1
= +C, |- +C, |; €, C, FHIRE SR

1+1 —2+1

2 -1

X X
- —+C, - -C
R

2

X 1
=—4+—-+C,-C

2 1 2

2

X 1 <
S+ +C SRC=C, - C,TF & e TR T
X

mmmmmwﬁﬁ,wwwﬁ@ﬁl

(i) =@l
j(xi +1)dx= jxi dx + jdx

2

3! s
_x +x+C=§x§+x+C

2

—+1

3

(iii) Zlﬁj(x;+26x—§)dx=_l.xz dx+_|.26xdx—_|.idx

34

= L+26x —10g|x|+C

L
2
5 2
g x2+2e" —log|x|+C
3aTETur 3 freAfafed SAEReHl %1 T I
(1) j(sinx+cos x) dx (i) Jcosecx(cosecx+cot x) dx
—sin x
dx
(i) J.cos x
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Ll
(i) =
_[(sin x+cosx)dx= _[sin xdx+ J.COS x dx

= —cosx+sin x+C
(i) =&l
_[(cosec x (cosec x + cot x) dx = Jcoseczx dx + _[cosec x cot x dx

= —cotx—cosec x+C
(i) &l
II_SIHde=I l2 dx_J-s1nxdx

2
COSZX COoS X COS X

=Iseczx dx — jtan X sec x dx

=tan x —sec x +C

SETETUT 4 f(x) = 4% — 6 BRI URTIYG HeH f 1 WdeTashersl F ¥ SIfT Sl
F(0)=3%

TA f(x) H TH G SRS o — 6x B

ET[E’F di(x4—6x) = 4x° — 6, TGfaQ qfastashers F,
X
F(x) =x' — 6x + C, 51 27 & &1 C 3= 2|
e gen € F(0) =3
=Y I Bl 7 3=0-6x0+C
sTeraT Cc=3

aa: ervfiee gfdetaesme, F (x) = x* — 6x + 3 R0 R« ok afgdia wed 2|
fewuit

() B9 @R € 6 afs £ o ufaeasest F2 d F+C,S& C U =R ¢, 0 f &1
Teh YfdsTaRers 81 39 YR AE g6 ®er f w1 U Sidetdshes F 3 € df g
FH &g ot a=R Sigs £ & 3d gfaerasdas fog gehd @ f5= F (x) +C,
Ce R% &9 ¥ iy feran ST ekl 21 SWANT o W= U Sifdaiea
Hicsel Bl T HEAT AT Bl © FTEE C o1 Teh fafyre 9 wrw e @ 3R
fraeh afomreaey XU g wor &1 U fgdia sfasasmes W e 2|
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(i) - Fepl TRFTH Ferl S9 foh U, SFIomeh 4, =R Haieh!, Beporfidia,
AR g Beprorfida, et o &9 § ffeqed e STHwa el 8| Sy

[ £ (x) dx T e S @ S R SareE: e faf @ [e ax =1 m
T SAHTS § iR &0 9 BH UH Feld Jd T8l T Fehd TSHehT STerehers
e r R
(i) I THEHA 1 =R x, ok AN 31 HIE T A GHHEH o g IR TR
T foru S €1 S
441

4 y I s
dy = +C=—y"+C
jy T 57

7.2.3 Gk TG THIHAT Ht dcer T (Comparision between differentiation and
integration)

1. < e R wipard

2. < Waehdn o U w1 G w € e

d d d
() E[klf1<x)+k2f2<x)]=klafl<x)+kzafz<x>

) [[k £ @ +k fo @]dy=k [ fi W) dx+k, [ f, () dx
Tk, k, IR T

3. B9 Ugd 9 € S © 6 9l el saeherid e B ¢ Sl gE gehr weft
el AR o el Bid B B9 STaesherd 3 STEHheE herl o (v
T I=d Haed | AIH |

4. % fordl wer o STashes @ A € dl 9 SAfgdia el @ W TRl wer
o TR o WY UHl el © qenfy o feedl ds9 oteR ae diftd stfgd B
2 storfa et W o 3 guThel § BHIN T ST=R R 3R Bl 2l

5. =g ferell SEUE We P o1 STaehor fRal ST € dl URuTHEeEY Tk UHl §gug
foretar © fSOeh! d 9g9= P! 9d 9 U ¥ Bl 21 S« fohdl Sgug Her P
1 GHHEH R S @ @ aRomHEE Y Uk UE Sgus U Bl @ fSeeR! s
9EUE Pl A § W A el 2

6. BH dciel %1 ==l Tk fog W Hd 8 W GRS 1 9= U fag W wed
& Bl eH KU §Y o o Tl i Wl SH falel W i B e W
FHThe IR B @ S| 89 uitess 7.7 | == i
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Teh et o Taehersl o1 STt 1ol off g € o fom f{u gy ok o fRu gu
fog W Taet @ &t yav, 39 o5 W Fed o STadhas o | o e Bl
21 T YRR U gT W 1 A THRe Tk TR o gHIdR feud ol %
IRER 1 Frefua sear B, fSed gaeher o =X i fefud & ol 318l o
It W@ & Gl Skl o dfiesed fagenl W oel Y@ geiR B 2

T wAifdes e JG HH H STaHers F1 STAN el @ SeElvE: R w0 gr
fordt ¥ 7@ &1 T 30 AR 99 ? @ f{u U g 9% 9 9[ e
Herhels e Bl 81 S YehR fohel whe ¢ W AfE o o € df K Y g9
¥ 9 i 96 H o fAU AR 1 ST g 2

FFFS Tk UE YA ¢ Toed did &1 9 gaifed € S Sl YRR 1 9iE
TaeReE 9 off guifed © o ar o eq ufi=se 7.7 H stemdd i

TR Td TS o UshW Teh &Y oh chd & i@l foh afess 7.2.2 (i) ®
=l w1 S TR R

| woTeett 7.1 |
frafafea wodl o gfaetamas (Fameraq) o fafy gro @ sifsa)
1. sin2x 2. cos 3x 3. e*
4. (ax + b)? 5. sin 2x — 4 &*
frafafea gameremi &1 F1d SIS
1
6. [@e+1)dx 7. [¥-—)dx 8. [(@®+bx+c)dx
X
2
1 X +5x7 -4
9. [@2x*+e)d 10. NVx—— 1] ax 11 [ =%k
Jar e J[ f] J—
+3x+4 - Lo
J'x X dx 13. J‘x x +Xx— 14. I(l—x)\/;dx
15. j&(sx +2x+3)dx 16. [(2x—3cos x+e") dx
17. _[(2x2—3sinx+5\/;)dx 18. _[secx(secx+tanx)dx
SCCZX
19. | dx 2. jz LN

2
cosec” x cos? x
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U9 21 UE 22 H GEl SW T 999 HifTC:
1

21, | Vr+— | =1 wreEmeas
Jx

I 2 21
(A) gx3+2x2+c (B) §x3+§x2+C

31 33 11
(C) =x*+2x2+C (D) —x*+—x2+C
3 2 2

22. aﬁ%f@)ﬂf—%ﬁmﬁ fQ)=0d f(x)=:
X

4 1 129 ;1 129

A) *+-— B) XAt
X 8 X 8

, 1129 , 1129

© gt (D) X+
X 8 X 8

7.3 HHTohe okt fafemEt (Methods of Integration)

fuos =8t # T4 U9 WHel & 9= i off, S S Werl ok STahesi 9
WA W T T Tkt &1 98 e R enenfia fafy of, sod & wod Fai
ISt 1 St € TSEeht staeherst £ THE f o ARl shi Wit gl @1 denfu freror
W UG 98 fafer e el shi feerfd o sgd Sfed =&l €1 o7d: SHIeher! shi Wt
F AR B 20 S AW R o w afe ERe A e
eIl 81 3 g fafiml frefafea w enarfa 2:

1. HfqeA9 gRI HHThe

2. oiferes fa=i o foesm g wehe

3. @S FHEhAA

7.3.1 GfawaraT gRT Tkt (Integration by substitution)
39 37 st # oW wfaeered fafy g weehed W foaR S8 W|aT R & H

ftafiid F o I x = g () Tt B g R T wEEe [ £ (x) dx F 3=
wy § ufafda fean s g =1

1= [ £(x) dx R fomm Fifem

2019-20



HHTh T 317

dx
34 x = g(r) faeenfud sifw arfe Z=g'(t)
BH dx = g'(t) dt fTaaa 2l
T TR L= [f(x)dx=]rig®)} g (t)dr
JiqEATI" 5 HHhe o fu 98 =R qRedd & ¥ TR I 3Tasd T Haegul
e 21 START GRRTTE 1 €I SHeRT STHM oRTHT gH9T Heequl €1 HHT=Id: 8H Tsh

T Hod o Tou Ifaeemas & & SaeT sfaehaorst of gamhed § wftafad &, St f&
frefefaa Sl gr e fhar e 2l

IAEI0T 5 FAfafEd ®el &1 x o 9Ue GHeh Sifsg

4 2
tan” +/x sec \/;

(i) sin mx i) 2xsin (2 +1) (i)

Jx

. sin (tan~! x)
1v —_—
) 1+ x*
&l
() BH S € T mx 1 STohelsl m @1 3T: BH mx = ¢ WO i &, I

mdx = dt

. 1¢. 1 1
T J.smmxdx:—J.smtdt = —-—cost+C =— —cosmx+C
m m m

(i) x>+ 1 T STerhersl 2x 81 3Td: BH 2 + 1 = ¢+ o FIqEATTT 1 STAIT Hid B dlfeh

2x dx = dt

ggmjzxsin(xzﬂ)dx:jsinzdt = —cost+C =—cos (2+ 1)+ C
1

—x 2=——_ .

(ifi) /o 1 SR 3 " HEE !

Jx =t % YfGEAO w1 ST N 7 AR 2\1/7dx=dt S99 dr =2t dt
X
Y el € |

) J-tan4 x sec? \/x dx_J-tan4t sec’t 2t dt

Jx t

= 2jtan4t sec’t dt
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@iv)

@

(1)

Tfora

Rt 9 T0 0 9RE9A tan £ = u & & e sec? 1 dr = du

5

Bl 2_|.tan4t sec’t dt=2_|-u4 du = 2%+C

\S)

= Ztan’ 1+ C (% u = tan 1)

9}

= 2 tan’ Jx +C(FH £ =/%)

Ul

:J-tan4 XSCCZ\/;dx
Jx
Taereud: tan «/x = ¢ FfaEemUs HifSg

:étansx/;+C

tan™"x T SFTHCS | 2%|3Td B tan™! x = + TTTEITI 1 ST i & ik

dx

1+ x° = di
t

stm(an x) _[smtdt =—cos t+C =—cos (tan"'x) + C
1+ x7

9 TH PV W@V HEhCH! [ H ERUIAGE Fer SR SR IR
TreReHl 1 STAN fgeeme fafy § fn e 8, ) == w9 Bl

_[tan X dx=10g|sec x| +C

sin x

dx

; t dx =
%ﬂtrﬁ%ﬁsfanx x jcosx
cos x = ¢, Ufaeenfud ST a1feh sin x dx = — dt

qd jtanxdx=—J‘%z—logM+C=—10g|cosx|+C
37 _[tanxdx=log|sec x|+C

Icotxdx=10g|sinx|+C

S dx

gqqﬁgﬁﬁ_l.cotxdx J.

sin x
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sin x = 7 gfaeenfua ST aIf cos x dx = dt
dt
qd J.cotxdx—J.T
= 10g|t|+C
= 10g|sin x|+C
(iii) jsecxdx=10g|sec X+ tan x|+C

sec x (sec x + tan x) dx

= 9 %ﬁ’jsecxdxzj‘
sec x + tan x = ¢ Ffawenfud HH W sec x (tan x + sec x) dx = dt

sec x + tan x

TgfeTy J.secxdxzj.%zlog|t|+C=log|secx+tan x|+C

(@iv) jcosec xdx =log |cosec x —cot x| +C

cosec x(cosec x + cot x) d
X

: cosec x dx=
T W €, .[ -[ (cosec x +cot x)
cosec x + cot x = ¢ Ffaeefyd sifse

difh— cosec x (cot x + cosec x) dx = dt

i Jcosecxdxz—jﬂz—logltI=—log|cosecx+coth+C

t

|COSCC2 )C—COt2 x|
+C

= —log
| cosec X —cot x |

= log |cosec X —cot x| +C

IEE0T 6 TrAfAfad a1 F1d SIS

I Lo[osinx N A S

@) jsm xcos” xdx ) Jgin (x+a) (iif) -[1+ tan x
&l

0] P jsin3 xcos’x dx = jsinz x cos’x (sin x) dx

= j(l — cos®x) cos®x (sin x) dx
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t = cos x Ufaeenfua sifs@ aifer dr = — sin x dx
i Isinzx cos®x (sin x) dx = —I(l — 2 ¢ dt

3 5
_J‘(t2 —t4)dt=—[%—%J+C

1
——cos3x+lcos5x+C
3 5

(i) x+ a=t9faenfud ®H W dx = dr
I sin x J‘sm(t

sin (x+a) sin ¢
sint cosa —costsin a
- . di
sin ¢
= cosa.[dt—sinajcottdt
= (cosa)t—(sin a) [10g|sin t|+C1:|
= (cos a) (x+a) — (sin @) [ log [sin (x + a)| + C, |
= xcosa+acosa—(sin a) log |sin (x+ a)| —C, sina
J- sin x _ )
Ad: sin (x + ) —xcosa—smalog|sm(x+a)|+C
Eidi C=-C, sina+acos a, T 37 e TR 2l

J- _ J- cos x dx
(i) 1+ tan x COS X + sin x

(cos x + sin x + cos x — sin x) dx

-2 COS X + sin x

J‘d J‘COSX—SIDX
COoS x +Sin x

J‘COSX—SIIIX

. (1)

COS x + SIn X
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I I= ICOSX Smxd R faaR FifT |

€oS X +sin x

3 cos x + sin x = ¢ Ffaeenfudq IS e (—sin x + cos x) dx = dr

Tgfae I=j%=log|t|+C2= log|cos X +sin x|+C2
1% (1) § W | ed €

dx x C 1 . G,
J'—=_+_+—10g|cosx+s1nx|+—
I+tanx 2 2 2 2
G,
2

x 1 C,
= —0g|cosx+s1nx|+—+
2 2 2

1 . C, C
- f+—log|cosx+smx|+C, C=—"+=2
2 2 2 2

| woTaeht 7.2 |

1 937 9% o U9 H U el 1 GUIRE 1 it
2x (log x)° -

1. 2 2. 3.
1+ x ¥ x+ xlog x

4. sin x sin (cos x) 5. sin (ax+b) cos (ax+b)
6. Jax+b 7. xx+2 8. xyl+2x°
1

9. (4x+2)x*+x+1 10. Jx 11. , x>0
J R N
2

1
12 (@ -1)3 % 13. — >3 14, — 1 x>0,m#1
X X
2x+3 >
15. 9 452 16. 2+ 17. o
etan’lx er _1 ezx _e,zx
18. 1+ x* 19. e +1 20. PRAgipars
sin” x
21. tan®> (2x - 3) 22. sec? (7 — 4x) 23. -~
1-x
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2cos x —3sin x 1 cos~/x
24, —M8MM— 25. 5 5 26.
6¢cos x + 4sin x cos“x (1 - tan x) Jx
COS X
27. /sin 2x cos 2x 28. m 29. cot xlog sin x
i sin 1
30, —2% 3. ——— 32.
1+cos x (14 cos x) 1+ cot x
2
1 /tan 1+log x
33. 34, L 35, (¥logx)
1—tan x sin x cos X X
2 3 - ~1.4
+D(x+1 x'sin |tan X
36, B D(xrlogx) o —( : )
X 1+ x

Y9 38 TH 39 H WEl I hl 99 hiTo0:

9 X 10
38. J-IOx +10" log, dx e %:
X' +10°
(A) 10F=x"+C B) 10F+x1°+C
(C©) (0F=x19'+C (D) log (100 + x') + C

dx
——— N %:
39. J-sinzxcoszx

(A) tanx+cotx+C (B) tanx—cotx +C
(C) tanxcotx+C (D) tanx-—cot2x+ C

7.3.2 fAivifidia Oe-afgeten’ & SUIRT §RT QIS (Integration using

trigonometric identities)

e gHRed W F9 BenviiEda wer ffed 8§, 9 g9 gueher 3 # % fau g9
1 gAafeet s ST S w9 o Frefatad scewl % gh gHemEn @ )

saretor 7 FrAfafad w1 9@ sise
(i) jcoszx dx (i1) jsin 2xcos 3x dx (iii) jsin3 xdx

A
(i) FEGHHT cos 2x =2 cos? x — 1 I TR wifw foed

1+ 2
cos’x =$W%ﬁ?ﬂ%l
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1 1 1

2 —_— — — —
e J.cos xdx= 3 I(1+c0s 2x) dx = 3 J.dx+ 3 J.cos 2x dx
f+ sin2x+ C
2

_x 1
B 4
(i) TGt sin x cos y = %[sin(x+y)+sin(x—y)] , 1 TR HifTT

qd Jsin 2x cos 3xdx=%Usin 5x dfo.sinxdx]

1 1
—[——cos5x+cosx}+c
21 5

1 1
——cosSx+—cosx+C
10 2

(i) FeH(HeRT sin 3x = 3 sin x — 4 sin’x ¥ 89 U © &
3sin x — sin 3x
4

i Isin%dxz%jsinxdx—%jsin 3x dx

sinx=

1
= —Ecos x+—cos3x+C
4 12

IEETRGH jsin3x dxzjsinzx sin x dx = j(l—coszx) sin x dx
cos x = ¢ W W —sin x dx = dt

g [sin’xdx=-[(1-1")ar

3

—Idt+.[t2 dt=—t+%+C

1
—cosx+§cos3x+C

feauit Srepitadia gd-afgente s STA Sid gC 98 <A1 S Fehal € & <Al SW
e €

| worere®t 7.3 |

1 922 O o U9 H YF e 1 FHREE Ad hifad)
1. sin® 2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x+ 1) 5. sin® x cos® x 6. sin x sin 2x sin 3x

2019-20



324 Tfora

) _ 1-cosx COS X
7. sin 4x sin 8x 8. 1+ cos x 9. 1+ cos x
) sin? x
10. sin*x 11. cos* 2x 12, /—/———
1+ cosx
cos 2x — cos 2a COs X —sin x
13. — 14. 1+sin 2 15. tan® 2x sec 2x
COS X — COS & +sin 2x
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. ——= > — 18, —————
sin” x cos” x cos” x
1 cos 2x
. T 3 . . 2 . sin !
19 Gin xcosx 20 (cos x +sin x) 21. sin " (cos x)
1
22.

cos (x —a) cos (x —b)

Y9 23 T 24 H &l ST 1 II9 Hifeul
- J-sinzz)x—coszxdx %:

sin? x cos® x

(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx + C
(1
jw dx TR 2:
cos“(e'x)
(A) —cot (ex®) + C (B) tan (xe*) + C
(C) tan (&) + C (D) cot(e) +C

74 39 fafores el o TR (Integrals of Some Particular Functions)

79 uf=ss | en frefafed decqul gumher gHf 1 e F 3R 9gd 4 @
Heftrd WHIfUTeh FHTReH! i A Hd H AR FAN H0|

M j dx —Llog x—a e @) j dx —ilog a+x c
2 —d®> 2a x+a a’ - x* 2a a—x+
d 1 _ dx _ [ 2 2
@) [ =g 'ZeC @ fﬁ—l"g SRR A
x“+a° a a x —a
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x+vx2+a’

+C

=log

.[ =sin 1—+C .[ dx
) Ji © 1 ee

319 &q Sudad afomel i fag w €

1 1
(1) 89 SFd eff —5—— =

X" —a _(x—a)(x+a)
1| G6+a)-(x-a) _L{L_ 1 }
2a| (x—a)(x+a) " 2alx—a x+a
& dx 1 dx
J.xz—a2 Z_a{-[x a_-[x+a}

=Z[log|(x— a)| —log|(x+a)|]+C

(2) Swe (1) o ER &9 9 ® fh
I _1l@+tn+(@=x 1[ 1 1
a’-x" 2a| (a+x)(a—x) =2_a{a—x+a+x}

o Iazd_xfi{f dx f dx}

X 2a | a—x a+x

_ zl—a [log|a— x|+ log|a+x|]+ C

1
- —1lo
2a g

a+x
+C

a—x

(1) ® Sy &1 T fafy 1 oren wiesk 7.5 § & S
(3) x=atanOT@T W dx=asec’ 0 do

— J dx _J a sec” 0 do

x> +a’ a® tan’0 + a?

1
=—J.d6=—6+C=—tan’1£+C
a a a a

2019-20



326 TTfoTd

(4) AF T x = a secO 9 dx = a sec 0 tan 0 dO
a secOtan0 do

wim =]
\/x2 -a’ \/a2 sec’0 —a?

= Isece do =log |sece + tand |+C,

2

_ log ﬁ+"x—2—1
a a

= log| x++x*—da* —10g|01|+C1

= log| x+vx* —a’ +C,Tr|%5fC=C1 —log|a|

(5) A TS fF x=asin 69 dx = a cos 6 d6

+C,

acos0do

dx .1 X
TgfemT = = 1d0=0+C=sin" —+C
j\/az—xz I\/a2a2 sin’0 J. a
(6) AWM ST fF x=atan O T dx = a sec?0 dO

a sec’0 do

a’ tan’0 + a*

i N evertely

= Jsec@ d0 = log|(secO + tan 0)| + C,

2
= log ﬁ+4/x—2+1 +C,
a a
= log|x +vx* +d* —10g|a|+C1

= log [x +Vx* +a?

T TR G o A W o7d B6 o 3R g UK hid @ S STuE &1 gfte
T I € SR TR HEhEH! 1 WA A F o U SR e yE fher s
Herdl Bl

+C, &I C = C, - log|dl

2019-20



HHTh T 327

dx

(7) W]m Id FH o faw gq
2 2
ax>+bx +c= c{x2+éx+£}=c{(x+£J +(£—b_zﬂﬁﬂ§lﬁ &
a a 2a a 4a
b b’ ) .
I x+—=1TH W dx=di T ———=+k’ faed gu a0 T € &
2a a 4a

b2
[c Jéﬁﬁgmﬁ%ﬁm@aﬁ'w j o &9 4 gfefdd

a 4 2+k2

B S © 3R TH YR 9] UM F TR ST Gl 7
dx .
8) fm,éaw%wwﬁaﬁaﬂﬁésmw)ﬁﬂﬁaﬁa@ﬁ

T WU G5l o1 SYANT shich GHIher Hd Tl S Tehdl

) '[ax +bx+c

79 Ut 3 ardfas et Ad B 91 S © ik

dx S p,q,a,b,c 3R E, % JHR % THHT T HH F U

Px+q=Adi(ax2 +bx+c)+B=A (2ax+b)+B
X

AT B, 910 % o AT eA ST uail @ x ok Ul Td SR 1 GAM i B
AT B T 8 SH W HHEhe A WHIUeR w9 H uRefdd 81 S 2l

(10) jw,%waswwwmaﬁw%mﬁ@)aﬁﬂﬁ

Nax® +bx+c
AT =gd ¥ 3R THICH &I 71 g ® 9 o IRafdd i 2

ET S fafeal ol o SRl %1 Herdl § §HEd g
saretur 8 frefafed gaererl i Fd it

o
0 =" i J =
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T
. of dx dx _l x—4
(i) ==t 2_16_jx2_42 = glogf—+C (7.4 (1) 9]
dx
(i) =
IZX X j./l_(x_l)2
x—1=1T@ Rdx =dt
d d
———- sz — =j\/l ttz _sin" ' ()+C (7.4 (5) ]
X—X —
=sin' (x=D)+C

SarET0r 9 frAfafad Tqeherl Sl I il

O Jomey @ [—& — 2=
! 6x+13 W32 113510 0 [sx2 —ax
T

@) aﬁx2—6x+13=x2—6x+32—32+13=(x—3)2+4

j 6x+13_j x 3) +92 p,
A ST x— 3 =7 d9 dx = dt

T [

1t
6x+13_jt T g e (74 (3) ¥
:ltan*lx—_3+C

2

(i) T €30 HHEhe 7.4(7) o ®9 1 8| BH GHhed o 8L i [ETeEd FhR
9 foaed &
13x 10j

3x° +13x-10=3| x> +— - —
3 3

= 3[[”%)2 —[%ﬂ (gt & I W)
1 dx

3 +13x-10 3 13Y (17Y
x+— | -| —
6 6

Wi [
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13
39 x+€=t W W dx = dt
dx 1 dt
Sl I3x2+13x—10_3 o (17 ’
6
17
1 t_6 .
= log +C, [7.4 () 4]
17 17
3X2X— r+—
6 6
x+13 17
1 6 6 1 6x—4
——log|—b blic, = —1Io +C
17 8113 17T = 17 Blexa0]
X+ 4+
6 6
1 3x—2 1 1
——1lo +C,+—log—
17 % x5 | 17 83
1 3x—-2 1 1
-—1lo +C =C +—log—
17 g 15 , where C 1T 0g3
dx dx
(i) e [———=]
\/5x —2x \/5[%-2)6)
5
1 dx
== T W
5.[ 1 2 1 2 (tlc'\U'f )
U I
(3] -(3)
1
e x—§=tr@ﬁqt dx = dt

dt

W J%%JW
5
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1 2
log t+‘/t2—[§j +C [7.4 (4) 9]
log x—l+‘fx2—§
5 5

ST 10 frAfafad TaeRel &1 9 HIfSY

-

+C

-

x+2 o[ X3
U rom ety o
&l
(i) T 7.4(9) 1 STAN HId TC BH AT H €

Y4 = Ai(2x2+6x+5)+B - A4x+6)+B
dx

T el W x o TUTeh] We SRRl Wi HHM i W BH UM &:

1 1
AA=1TqA6A+B =2 3@l A:Z?ﬂﬁ'{B=5

x+2 1 4x+6 1 dx
T j2x2+6x+5 4925 +6x+5 2-|.2x2+6x+5
1 1
LH, 20 +6x+5=1%@ W (4x +6) dx=dt
dt )
Tgfae Il=j7=10g|t|+C1=log|2x +6x+51+C, .. (2)
dx 1 dx 1 dx
A\ b=lrrens=2 5=3) 3V (1Y
X X x2+3x+f x+= +| —
2 2 2
3@ x+%=t,?@ﬁﬂdx=d¢,€nmﬁ%
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1 _
- 1 tan 12t+C2 [7.4 (3) @]

= tanl2[x+%j+ C, = tan' (2x+3)+C, .. 3

(2) 3R (3) 13997 (1) § & WeH 99 ©

j#dx:llog\zxz+6x+5\+ltan*1(2x+3)+c,

2x"+6x+5 4 2

¢ ,GC

Y

IE THIREH 7.4 (10) oF &9 H 81 3T y 43 i (=Afanead 9 § Al

FW €

Eil c==L

x+3=Adi(5—4x—x2)+B =A(-4-2%)+B

X

< vl W xop TOTh! Wel ST I WHM il T BH U B
~2A=13R-4A+B=3,

sAq A= —% ARB =1

x+3 4 — 2x dx

e '[\/5 4x—x* \ J-\/S 4x—x* '[\/5 4x—x*

1
=2 L+L, (D)

[LH5-dx—x*=1, T W(-4-2x)dx=dt

4— 2x dx dt
afay 1, = = 0/t +C,
'[\/5 4x—x* j

= 2\J5-4x—x* +C, )

3 I :J' dx :J' dx
P sax—x U Jo—(r42)?
X+2=tT@H Wdrx=dt
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dt . 1t
i L, = J‘ﬁ =sin §+ C, [7.4 (5) 9]

%2+C2 . (3)
THEN (2) TE (3) H (1) H yfaeenfya & W e™

IL32=—«/5—4x—x2 +sin1xT+2+C W H €, el C:Cz—%
NS —4x—x

| vttt 7.4 |
U9 1 T 23 T oF ol ol THRAT HiTST)
3x? 1 4
2. 3.
X+l 1+4x° (2-x)"+1
4 1 5 —3x 6 *
T A9-25x2 Col+2xt T 1=x®
x—1 X2 sec’x
1. 5 8. - 9, ——
x -1 X +a Jtan“x+4
1 1 1
10. 5—— 1. ——— 12. T———
VX +2x+2 9x“ +6x+5 N7 —-6x—x
IS o B IS S
B Je-ne=2) ' Brse-d 5 Jr—a)(x-b)
4x+1 x+2 5x—2
16. «/2x2+x—3 17. X -1 18. 14 2x+3x2
6x+7 x+2 x+2
19. 20. 21.
(x—5)(x—4) 4x — x* Vil +2x+3
x+3 5x+3
22.

R 23, T
x2—2x-5 Nt +4x+10
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YT 24 TE 25 H TEl W h1 997 HI90:

24, [5———— TR ?
x“+2x+2
(A) xtan' (x+ 1)+ C B) tan' (x+1)+C
C) (x+Dtan'x +C (D) tan"'x + C
25. j LaJ—— 2
9x —4x*
(A) lsin_1[9X_8j+C (B) lsin_1[8X_9j+C
9 8 2 9
Lo af9x-8 lsin_1[9x_8J+C
©) gsm [ 3 j+C (D) 7 9

7.5 3nifYreR Rt gRT AHTeRe (Integration by Partial Fractions)

TR HIFST o Teh TiE wer ((i)) ]l SgURl oh A o ®9 § Renfua foman s
2 STl P(x) T Q(x), x ¥ g8 ® e Q(x) # 0. A P(x) &1 H@ Q(x) ! =M ¥ A
2, 9T e Sfad Ui wer serd § oren favy uRia e weard ) fomm
IRET weHl i ot 9 fafy grr sfea aRea wem o w9 | ufiafda fean sn gesar

3 59 wr A L fam i wem B, @ L&) T()+P(x) SRl T(x) xH
Q) Q(x) Qx)

P ()
Q)
Y T wan 2, ora: feel off aftee wem &1 guhe fordt Sfaa 9T wer o
GHTheH 1 THE o ®9 | Ufatdd e Sl €1 98l W & 5 9RHd werl o SHieher
W faeR w7, 37 & @ IR fgu qoeeet | faufed g @t g

maﬁq%gﬂj (x)dxwmammaﬁﬁ%wgg@ww

we 71 T fafy, fog srifres fa=ii & fodism & 9™ @ S 9 @, 6 werEd o fie
T TAHE ol HHRO GRHF Herl o AN o &9 § fo@n S g9 81 $6eh UvEn
od o fafdal &) geEd O guehed Wodiqds fRAr ST ogeRar @1 frefated
aroft 7.2 Ffde w7, for fafu= gvR & 9 werl & @1 9 9R o WA
aifers =i 1 g fHan 1 wha 2

T 9% ® 3N —— U 3fad 9 o €1 88 Sd € foh T Sgus 1 gtk
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|rut 7.2
ik | IO wes o ®Y 1ifyTeR = w1 w0
Lo P s A LD
(x—a)(x->b) x—a x-b
5 px+q A, B
' (x—a)’ x—a (x-a)
3 px +gx+r A N B N C
' (x—a)(x—->b)(x—c) x—a x-b x-c
4 px*+qx+r A + B o+ C
) (x—a)’ (x—b) x—-a (x—a) x-b
< px+qx+r A . Bx+C
(x—a) (x* +bx+c¢) Xx—a x+bx+c
SRl X2 + bx + ¢ 1 3R AW PrFEE &l fHA S gkl

Suad Gt § A, B TS C ardfas e € et sfaa fafa @ 3@ w2

dx
IEI 11 jmwmaﬁaﬁml

7o T gen wAthed Uk Sfud fd™ wed ¢ sHfoe ofifyrs o= o &g
[ETROT 7.2 (1)], T SUAT i U, BH

L A B fe# e (1)
G+HD(x+2) x+1 x+2
el A 3B arsfas Gead & el ed Sfad fafy 9 o & 21 89 U ©
1=AGx+2)+B(x+1)
X% ORI TF 3R T H TAH HE | TH UQ 2

A+B=0
w 2A+B=1
37 IR i B T WeH A=13 B=— 19« &l 2l

1 1 . -1
x+D(x+2) x+1 x+2

T YR HHE (EfatEd 9 § 9 e ©
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——— J- dx =de7J-dx

x+1) (x+2) x+1 Jx+2

= log |x+1|-log|x+2|+C = log j:; +C

femuit Suded et (1) Ush Gaaiieht € SFufq Tk TH e S x o qeft whienr
et Al o oIy g1 81 o @@ Hobd =1 IUAIT F8 < o fo1g e B foh feam
T3 U [ FaGiHeh ¢ SN Hohd =1 ITAN F8 T o forw =d & fop ez gan
FHA Th GHIH ¢ 270 78 < o fau fom fsan gen som x & fafv=a oml o fo
T B

+1
IETETUT 12 jﬁdmﬁrmaﬁaﬁml
2

2 +1

m@WWWﬁ%W@xz+lﬁ
X —5c+69 AN HW T N EH I © TR

x+1 5x-5 5x-5
> =l+— =1+
X" =5x+6 x°—=5x+6 x-2)(x-3)

T T8l GHHR

5x-5 _ A N B
R L N U R S A

GlED 5x=5=A(x=-3)+Bx-2)

T qell W x ok Okl e TSR US] ol HHH i W EH U & A+ B =5 3R
3A +2B =5.
T TR0 i B i W B9
A=-5 3R B=109< & B

x2+1 5 10

. =1- +
x"—=5x+6 x-2 x-3

j 7 _sxi6
=x—510g‘x—2|+ 1010g‘x—3|+C
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IETEIT 13 jidxaﬁrmaﬁaﬁm|
(x+1)*(x+3)

T TG g3n wuehed WOl 7.2(4) | fEU gU WA o ®U 1 B o7 &H

3x-2 A N B
(c+D*(x+3) x+1 (x+D? x+3

fered &

e 3x-2=Ax+1D)(x+3)+Bx+3)+C (x+ 1)
=A@+4x+3)+BEx+3)+C (P +2x+1)

Tl gell W x> TN, x O T[OTeh! el =R UGl HI qOl I W U € T
A+C=0,4A+B +2C =33 3A + 3B + C = — 2 31 TN i 8 H T &
AZEB__SﬁTC:__HWﬁ%IEHWWWF@HWﬁW%ﬁT%I

4 4

3x-2 115 1l
(+D>(x+3)  4@x+D) 2(x+1D* 4(x+3)

3x-2 11 dx
5 [ j(x+1)2(x+3) Zx+l__J.(x+1) 4J.x+3
11 5 11
=Zlog|x+1|+2(x+1)—210g|x+3|+c
=£0 x+1 5 +C
4 x+3| 2(x+1)
2
3Jalg Ul 1 Im WHWEWWI
2
T TG T o =y
x2 _ y
a D) +4) +DG+4)
Y _A o w9 # fafeae

O+DG+4) y+1+y+4
GIED y=AGyY+4)+B@y+1)
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T gl Wy ok TN Te TR U i ol i W BH UM 8 A+ B =123
4A +B =0, f5a9 9w B

1 sk 4
= — B:—
A 3 3

X’ 1 4
&d: 2 2 =L 2 2
x"+D " +4 3(x"+1) 3(x"+4)
2
x“dx 1 dc 4 dx
'[(x2+1)(x2+4)= §Ix2+1 ij2+4

1 4 1
= ——tan’1x+—~—tan’1£+C
3 32 2

1 2
= ——tan’1x+—tan’1£+C
3 3 2

ST 33T H haa AT 9 aret A o faw gfaeerds feen o on 9 f
FHTHEH a9 o TIu) o7e B9 Wk UH SE0l i @l hid § TSEH FHhe o
foru wfqeemes fafy o enfers o=t fafar <91 1 95 &9 @ wgsa ffan w0 2

(3sin ¢ —2)cos ¢
5—cos’p—4sin ¢

IETEIT 15 j do 1 9F Ad Hiferul

T HM WY y = sing

qad dy =cosd do

J (3sino — 2)cos¢ ,[ Gy —2)dy
5—cos’h— 4s1nq) 5-(1-y*) -4y

_J‘ 3y-2 =J~3y—22:I (T )

y? 4y+4 (y-2)
3y -2 A
foraa TR 7.2 (2) §
o9 B9 (yz)y2(y2) g [ (2) H]
ESIGlY 3y-2=A(y-2)+B

A UE W oy ONE TS SR TRl K1 gl H W T UMW T, A=3Td
B-2A=-2,T598 84 A=3Td B =49 8 2l
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zafan e gaeRer frefafed 9 9 g 2

dy dy
Iy2(y2) y jy_+j(y_2)2
= 310g|y—2|+4(_LJ+C=310g|sinq>—2|+ *_ic
y=2 2 —sin ¢

3log (2—sin ¢) + 4
2—si

n(I)+c (TR 2 — sin O BHN TS )

j X2+ x+1dx

(x+2) (x> +1) 1AM S !

30T 16

o fean gen wuhed U Sfud ufdg e 21 ufEd e @ enfees fae o
fomfed & & [EROf 2.2(5)]1

2+ x+1 3 A +Bx+C
WCH+Dx+2) x+2 (P +1D)
gqfeTy X+x+1=AX+1D)+Bx+C) (x+2)

ST Tell | x2Sk ORI, x oF TOThI TS 3TER Ul i o HH W EH A+ B =1,
2B+C=13RA+2C=19d & &l

. 2 1 .
ﬁﬁﬂﬁaﬁwmﬁmmAzg,Bzg,czgqﬁ%l

T YRR e Mefaied €9 § U 86§

2 1

P+l 3 +§x+§_ 3 +1[2x+lj
W+ x+2)  5G+2) K +1 Sx+2) S5(xP+1
2
x“+x+1 1
safey ——————dx = — X +— dx
I(x2+1)(x+2) Ix+2 593211 ij2+1

3 1 1. _
= glog| x+2 |+§log‘ x*+1 ‘+§tan 'x+C
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| woTereht 7.5 |
1 921 9% o Y9 H 9RET Hal 1 GHEREH hifed|
1 X 5 1 5 3x—-1
T+ (x+2) "X -9 =D (x-2)(x-3)
X 2x
YD -2 (-3) S P32
1-x° X X
6. x(1-2x) 7 W+ =1 8. x=-1?* (x+2)
3x+5 2x-3 S5x
o X -xt—x+1 10. x* =1 (2x+3) 1 x+1D) (-4
X +x+1 2 3x-1
12. . 13. YRS 14. wa2r
1 1 ) . 1
15, o 16. e [Giehd: 3191 T B ol x| G O HIFSC R
X' =t @ ]
COS x . A
17. (1—sin x) (2 —sin x) [ﬂﬁﬁl:smx:ﬂf@"{]
18 G D +2) i & S 1
’ (x2+3)(x2+4) T +D 43 Tx(t =D
21. [Tehd: ¢ = ¢ @y

(e"=1)
U9 22 TE 23 H e IW H1 TIT hifo4|

2. [—2E s

(x=1)(x=2)
(A) log|"—- (B) log——
x—1Y
(C) log [Ej +C (D) log|(x—1)(x—2)|+C
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23 J‘ dx
Sy (x2 +1)

1 1
(A) 10g|x|—510g(x2+1)+C (B) 10g|x|+510g(x2+1)+C

1
(C) ~—log |l +%log (x*+1)+C (D) 510g|x|+10g «*+1)+C

7.6 @SIT: GHTR (Integration by Parts)
79 I=8% ® T0 T &1 U SR fafy &1 ==t w3 S 7 S werl o oERa
1 G I W Ggd STEN 2

I Thel =X x (A AAC) H 4 3R v < TR Held € Al T o o
o0 o @R &n U ® f

A vE T GEROd F W B U@ © 16

uvzjuﬂdx+J.vﬂdx
dx dx
dv du
el —dx=uv-|v—d . (1
judx x =uv jvdx x (D)
d
o i fom u:f(x)aﬁxd—)t:g(x)aa

%=f’ (x) AR v = [ g () dx
X
TaferT TRt (1) w6 frefafea &9 o forar <1 gehar €
[Fog @dx=f@ [gde-[[]g ) dx ()1 dx
sreftq [F0g@de=f) [g @) de—[[£ (0 [gx) dxldx
IfE B0 f I UIH Held 3R g Hl TG e I o @1 39 g HI FEfafed w9
¥ e oA S gehar 2

“Tl el oh TUHEA T FHREA = (YIH o) x (fgdfta wed 1 Tmeher) —
[(Y2H Hed 1 STdshad o) x (Tgda e &1 Heher)| 1 FHehed
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IS 17 jxcosxdx HT HH Jd SIS

T £(x) = x (399 HeM) 3R g (x) = cos x (5@ ®er) Waw) q9 @eu: gqwe 9
W et € TR

J.xcos X dxsz.cos xdx— J.[%(x) J.cos x dx]dx

= xsinx—jsinxdx =xsinx+cosx +C

A oifsie fo g1 f(x) =cos x T g(x)=xéﬁ%?|ﬁ

d
J.xcosxdxzcosxj.xdx—J.[E(cosx)jxdx]dx
x2 . x2
= (cos x)?+J-smx?dx
T YR 89 @4 € fF gHmemer jxcosxdx,mi‘ﬁ?ﬁxaﬁafww
At SAfereh hfcd THERer o uftafdd g i 21 sy guw wer e fgde her
3fed =g Aoyl 7
feugoit
1. =& 9o €, foF @ew: THmed < ol & UMhd &t g fefaa § g
T 2, s [V sin xdx 5 feerfa § = fofar wm T w31 gww

HRO T8 ¢ T TH HIE e Al A € el © e sresherst/ sin x €1

2. oF <o o fgdta ®em o1 T9ehed A1 S T9T 899 iz T 3TeR
Tl Srer ol Afg g1 5™ wer cos x o GUIGREH Hl sinx +k, % &9 H forad
&, ST kg o1 2, 79

jxcosxdx:x(sinx+k)—j(sinx+k) dx

h x(sinx+k)—jsinxdx—fkdx

= x(sin x+k) +cos x—kx+C = xsin x+cos x+C
e Tl € o Gewr: wameher fafy o v @ sifam afom s s & fag
fgdia o o HHEhe W e’ %1 SieA a9 B

3. WHA: A€ I Her x b1 o1 o ®9 H ¢ 16l x 1 9gU% € df 89 W yUH
e o ®Y 0 o &1 qenfy tE feafa A Sef gu0 wor gfaeim freemifhda wer
AU ALTHE B B, A 87 SRl UUH Hed & &9 H od 2l
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STET0T 18 [log x dx W HIFT

T U A o Ty g9 U9 ®el 1 IHH oiH | el § fereent sraehers
log x 81 B9 log x ! Y& el Td 1o e | &1 f5dia ®er ofd 81 TR ®ed &1
TR x B

d
: logx-1)dx = 1 ldx— [[— (1 ldx]d
31d j(ogx ) dx ong x j[dx(ogx)j Ix] dx
1
=10gx.x—J.—xdx=xlogx—x+C
X

ST 19 [xe'dx W@ I

T x UYUH el UG o 1 fgdia %o o ®9 § i
TH T H GHRTH = e
Tgfaq Ixexdx=xex—jl.exdx =xe'— e + C

xsin” x

IETETT 20 de x T RIS

o1 AH ST YoM He = sin - x, aﬁ?%?ﬂam—m:%

1.088 mm -

. dx .
ww%ﬁﬂmﬂdaﬂwmmaﬁwd%aﬂﬁjx T4 FW T
V1—x?
t=1-x M@u
GE dt = - 2x dx
x dx

N RV L B &

XSln 1X -1 2
d: j dx =sin x(f 1- ) J\/—(fxll—x ) dx

= —1-x*sin"'x+x+C = x—+1-x*sin"x+C
farereua: sin'x = 0 Wfaeernfud w1 W iR 7 WeI: TGS HT ST Hd Y
it 39 AR 1 B foRA ST Gl 2
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31T 21 Iexsinxdx @ HifST)
T el YUH Fed T sin x i g ®od o ®Y H ofifou] 99 TSI: THRAT 9
9 UM © TR

1= J.ex sinxdx=e"(— cosx)+J.e"cosxdx

=—e‘cos x + I, (WH i) o (D)
1,5 ¢f TS cos x I HAU: o T fgdd W W BT €W TR f

=€ s1nx—Je sin x dx
% 79 (1) ¥ Wt | ed 99 € &

I[= —e" cos x+e'sin x — 13161 21 = ¢* (sin x — cos x)

X

3d: I= J‘e" sinxdxz%(sinx—cosx)wLC

foheud: sin x Tl JoH T Td ¢ 1 f5dd wed o W ot STde FHehad &l
A feman ST Hehan 21

7.6.1 .[ex [ f&)+ f ()] dx & UehIT T WHIHT
= 9 2 I= [ [ @)+ f/@)]dx = [€"f @) d+ [e"f () dx

= L+ [e" f7(x) dx, ST 1= [ e £ (x) dx (D

LH f(x) T e 1 HHR0: YoH o gl e ofd BT T @ev: HHheld gl 84

I ¥ I =f(x)e— Jf'(x) e*dx+C
1, %1 (1) ¥ wfaeenfod 3 ™ 9 9 §

= @ -[r@etde+ [ /) dx+C = ¢ f(x) + C
am: [e"(f@) + £/ (0)dx = e fx)+C
IETET0T 22 JE ?#rﬁﬂl

x> +1)e"
(x+1)%

dx

@) [e'(tan x+ z)dx (i)
&

o 1
(i) Je1 Iz.[ex(tan’lx+—2) dx
1+x

3 £ (%) = tan” 'x, TSE, @6 f(x) = e

2019-20



344 RIRIG]
aa: o gom WHeed o [f(x) +f/(x)] oF B | B

. i 1
Tafere I= J.e (tan 1x+m)dx =e' tan 'x + C

. &P HDe e T4 14])
() = oifoe f5 1= | (x+1)2 dx=[e [—(x+1)2 1 dx

_J I > 1dx
(+1) (+1) x+1 (x+1)

x—1 ’ _
qﬁ?ﬁmﬁl?f(x)zmﬁa f<x>_(x+l)2
Ia: o gon gHehed o [f(x) + £/(x)] % ®9 H @I
x+1 o d x—=1 ,
ey I(x+1) =" te
| wrErett 7.6 |
1 922 % oh U1 oh ol ol GHRE Hifad|

1. xsinx 2. xsin 3x 3. x2ef 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x

-1
9. xcos! x 10. (sin-'x)? n =2* 12. x sec’x
\ll—x2

13. tan'x 14. x (log x)* 15. 2+ 1)log x

. xe e 1+sin x
16. e* (sinx + cosx) 17. (1+x) 18. 1+ cos x

. x-3)e" )
19. ¢ | ——— 20. — 3 21. e¥sinx

x-1°
22. sinl[ 2sz
1+x

Y9 23 T 24 H GEl SW 1 II9 Hifeg)
23. J.xzexsdx TR 2 :

2
X

1 s 1
A) ¢ B) —¢" +C
(A) 3¢ +C B) 3

3
X

1 1 .
—e +C D) —e" +C
© e D) e
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24. Iex sec x (1+ tan x) dx SR B:

(A) e‘cosx+C (B) e*secx+C
(C) e'sinx+C (D) e‘tanx +C

7.6.2 5 3T UhN & GaTHe (Integrals of some more types)
75l &1 WewT: TN fafy W e o fafere R & qmifoe womhert st ==t

ExUlBSERED

(1) J.\/)cz—a2 dx (i1) I\/x2+a2 dx (iii) IVaz—xz dx

@) ma’ﬁqﬁslzj x> —a® dx
WWIHﬁWWW@aﬁT@W:WWWW%

I= xvx’—a —J x dx
x2 =

CZ

= x\Jx’-a’ - x—XVX _[x “aTta

[
x\/xz—a2 —J‘\/x2 —a? dx-a®

J‘ dx
\]xz _az

d
—xVx’—da’ —I—azj %

YAl A= xVx*—-d® -a°

2 2
X —a

J' dx
Vxt —d?
SREI 1= J.w/xz—az dngxlxz—az—élog‘x+\/x2—a2

T YR TR I FHMRCH H TR W 1 i 5T Hed Rl T G
TR fafy gR &\ u ®

+C

2

(i) j xz+012dx:%xxlxz+at2 +a7log
1 2
(iii) j\/az—xzdxzax\]az—xz +%sin71£+C
a

forepead: EETRel (i), (i) & (i) § ®9: x = a secH, x = a tan® AR
x = a sin®, TR & Wt =7 GHROHl &1 Ad FA S HRdT

+C

x+vVx2 +a’
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IETETUT 23 J.«/x2+2x+5 dx T Hifsu)

Tol A Jifee o J.\/x2+2x+5 dsz.\/(x+1)2+4 dx

3« x+1=yT@1 Wdx=dy, T
J‘\/x2+2x+5 dx = J‘\/y2+22 dy

1 S 4
== +4+-1o
S Iy > log

yHyy +4 ‘+C [7.6.2 (i3 TRt 9

(x+D) Vx> +2x+5+2log x+l+\/x2+2x+5‘+C

1
2

IETEATT 24 I\/3—2x—x2 dx Fd s

To1 = dfsu fF j 3-2x—x dx=N4—(x+1)2 dx
3 x+1=yT@H W dx=dy

TUFER  [V3-2x-x"dv = [{J4-)" dy

4
= S y\A=y +osin 1%+C [7.6.2 (i) ST 9]

A %(x+1)\/3—2x—x2 +2sin1[x7+1j+c

1
2

| gyTereRt 7.7 |
1 99 d% oh Yl o Bl bl GHREH ohifeTd|
L J4—y? 2. J1-4x? 3. ¥ +4x+6
40 \xt+4x+1 S J1-4x—x? 6. \/m
x2
7o 14+3x—x7 8. \x?+3x 9. 1"‘?
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Y3 10 TF 11 | &l W h1 =997 hifog|

10. j\/1+x2 dx TR 7

3

2 =
(A) %\/1+x2+%10g(x+\/1+x2)+c (B) g(1+x2)2+c
3 2
(©) %x(1+x2)2+C (D) %\/1+x2+%x210g x+1+22 [+C

11. j\/x2—8x+7dx6|'€lﬁ|'{%
1
(A) 5(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

1
(B) 5(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
1
(©) 5(x—4)\/x2—8x+7—3x/210g x—4+\/x2—8x+7‘+C
1
(D) 5(x—4)\/x2—8x+7—%10g x—4+\/x2—8x+7‘+C

7.7 TAtv=a @atehe™ (Definite Integral)

st afteael o e iffiea qamhorl o sR o s1eer e @ oIk oo fafire ol
o AR died SIfHYEa GHReH i T w3 w1 Fo fafusl w =t w2 sy
Ii=s] | & fhdt wem o iy qamere &1 teaq st v aaeRes &1 U

gt o= @ ¥ wF FRed TEEe w j:f(x)dx,@ﬁﬁfqﬁwam%aﬁ

b, GHIRH 1 =9 HHT 991 ¢, GHRH 1 T 1 s | Fiv=a gaehe 1
Gf=E, =1 AN R H e B9 H S Sl @ SAUEl Al A [a, b] T THRT hIE
yfdstesherst Fe df fAfv=a gk &1 7 offaq fogei W Foh AHl & ofat erefq
F(b) — F(a) o a0 81 €, o &9 § %{d sl 2| Fiy=a goehed o 39 <6 &di
I BY STTT-3TeT == |

7.7.1 TTRE T GHAT & @Y G [yerd @areherT (Definite integral as the limit
of a sum)

UH AT foF T &% a0 [a, b] T U Had S f GRG g1 "e et e
el o Gl W HURR € SOl wer 1 Ieid x-37e ¥ SR Uh 9% ¢
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TH y=f(x), x=a,x=>bTdx-3 ¥ TR &F &1 a%a & Ffv=a wmmRem
j:f(x)dxélsqWwaﬁammﬁésm,ww,x-a&w@ﬁ&ﬁxm@

x=b% o= R & PRSQP #i ofifsw (smahfa 7.2 3f@m)|
SATA  [a, b] B [x, x 1, [x, x,] 5 [x »x] ... [x _,x]l g ffde n 99m

IuyAquen | fawfsa wifsg TYl%ffxo=a,xl=a+h,x2=a+2h,...,xr=a+thf931

b-a
x,=b=a+nhFE n= & AT A n > oo h— 0

afdfd &5 PRSQP, n W& %1 A 8 &l Foi 3uas susiauat [x,_,x ], r=1,
2,3, ..., n T R 2l

aepfa 7.2 @ &w W ® T
3T (ABLC) &1 &% < &3 (ABDCA) 1 &9%d < 3TFd (ABDM) &1 &% ... (1)

S

3TTeRTd 7.2

T Al x —x | —> 0 A A —> 0, T THEH (1) H I T A AAme
T TW o TH GUE & S 2| o &H ffafad dmeat & i wd §

n-1
s =h[fx) + .. +fie, )= f(x) o)
r=0
i S = MG+ S00) ot F)I=hY f () )

TET s UH S SUSTAEA [x_,x]r=1,2,3,...,n, T I HET: 7 s wd =
ST o &ETET o AN i fAfdR s €1 iR (1) o wed H fRe @ 3w
AATA [x xj%f?ﬂ%’qtl'ﬁ%ﬁﬁ

s < &3 PRSQP &l &5%hel < S CY

1°
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I 5 — oo, l T TR0l § Fantol Bt welt St ® SR 7w e foran s €
& (2) 3R (3) o Hifqd 99 T §9E @ qo1 39ETS Eifqd |/ & 9% o 3T
Fefie & 2
Hrehfaer | &9 30 fefafed yer faed ©

limS, = lims, = &% PRSQP &1 &% = j:f(x)dx . (®

n—oo n—oo

TEY T8 Tl Hordl € foh o1l ehel ah o Hid o 3Mdl U 9% o SW
Tl o e o feRdlt Rt w1 Wifqd W ot 21 gfaen & foT em gee Susiae
o 99 TR W a w1 STE o SUe SE a1 Al i @1 eTd: B9 (5) I AN
frefafad w9 § ferad 21

jjf(x)dx = imh[f(@)+ fa+h)+.+ fa+(n=1)h]

SRE j:f(x)dx = (b—a)%ig%[f(a)+f(a+h)+...+f(a+(n—1)h] .. (6)

. b-a

ST h= —03}F n—oo

n

Suw ASH (6) ATEA ®1 GH & w9 W AfyEd AR $ e wedrnr 2l

femguit et fafite e | T wed o M= THeed &1 99 Bed U9 3iaid
W it i @ W gHEhe % SE =R W TEl SRt wEA gq w@ds = i i
FH o fIw & 21 A€ x o TIF W A 9 h) ¢ SUdl ¢ 9 Hfew fomen S 2

& TR jjf(x)dxéswmamaww j”f(;)dt eﬂwja”f(u)du
forgd €1 ema: fAfv=a Taewe o fau guehed =R T 9% =X FEd T

Wzsaﬁwﬁ@m%wﬁji(ﬁ+l)dxwmaﬁaﬁm|
ol RYTET & $TIER
[ r@ydr = (-a) lim L[ f(a)+ Flath)+..+ fa+(n—1)h]
a n—o n

< b-a
et h=

n

. 2-0
TWIREWH  a=0,b=2,f(x)=x2+1, h= =

n

I [
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2(n D)

BRI j (x* +1)dx=211m—[f(0)+f(—)+f(—)+ T+ S

2 2 2
- 2hml[1+(2—+1)+(4—+1)+ +[M+1J]

n—oo n2

1 2 2 2
= 2hm—[(l+1+ +1)+n 2°+4°+...+(2n-2)"]

n—soo
n 9%

1 22
_211m—[n+—(1 +22 4.+ (-1
n’

n—e n

—2limL[n +iz—(” Dn@n-D

n—eo g n 6
— 2 lim L [ 2 (n=1) 2n- 1)]
n—eo n 3 n
4 14
= 2 lim [1+ (1——) (2——)] =2 [1+3 = ?

mzeaﬁwﬁﬁm%mﬁjoexdx 1 A T RIS
ol TR & 3TAR

1 2 4 2n-2
j e dv = 2-0)lim—| e +em +et 4. te "

n—e 7

2
TOIRR Soft o 5 & o AMTHE o G 1 SYAN Hd Y & a=1, r=e" W U
g

1| ex1
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| woTereht 7.8 |
AT 1 G oh w9 H fefafea e saehedl 1 79 A9 St
1. j:xdx 2, jos(x+1) A 3. j;xz dx
4. j14(x2—x) dx 5. J-_llex dx 6. J-:(x+ezx)dx

7.8 e @t 3NURYA ¥HA (Fundamental Theorem of Calculus)

7.8.1 &THA TelT (Area function)

T j:f(x) dx F TF y = f(x), x-3T8, T

HIfEH x=a @M x=b¥T R &5 oF &A% &
wq ¥ yfefud foren 19 ST [q, ] Hx FE

fog g @@ [ " o) dx 5T 7.3 ¥ e BT

&5 o &k ! TEUd Ll © [FE T8 °H
fomn w0 € fF xe [0, b] & U f0)>081
feAfeifid e W= 37 Ferl % fog o]
wiwmﬁm%wmx%mm Y srhirs
fasfz 2

TR VIR H 39 Difehd & 1 &Fhelx T Tk Heid g1 H x o 39 Hel Hl A(x)
@ﬁﬁ%a@%ww&@aﬁn%wmﬁ%aﬁ?%ﬁﬁmﬁf@a@
U 9T gl 2

Ax) = j:f(x)dx (D

79 IR W AR < SR g € et g0 el W hddl T SRl
Hifeh STl ST TH UIGAYEIH ! T o ST

7.8.2 THT 1 GHIGEHT TIUTT i TI7 MIRYA G99 (First fundamental theorem
of integral calculus)

M ST foh &% a0 [q, b] W £ Teh Had B € 3R A (x) 8% %o 81 ad
qft x € [a, b] & TATA’(x) = f (x)

7.8.3 GHIHET TUTT & fgara ST U (Second fundamental theorem of

integral calculus)

B0 9 % U eyl THa 1 e S @ el gemdl ° g9 giastadhas @
STINT I g Ffd THeherl 1 7E T F7d )
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Tfora

U 2 0 A R 6 A [a, b] W f Th Gad ®er € 3R £ T gideraehers

b
F21 7@ [ f(x)de = [F(x)]’= F () - Fa)
fewuit

1.

2.

@

(it)

@

Wﬁ%ﬂqﬁazaﬁwwmaﬂﬁ%ﬁﬁjjf@)dx:g%qﬁfawwa
F &1 S=d || h W AF) — (3 qfd sT&herst ol = M ¢ W 7)1

e YT STcdd SUANT € Hifeh g 'H ATkt i Wiw A few faen fafvem
T 1 T F H STHH Tt TEH H 2

T T SHehe 9 i H Sifee |ishan Tk UH %ol o1 9 s @ foieeht
FahAS T T WHRCA ¢ I8 STaehor 3 HHRS o did HaY i 31

T el B
jjf(x)dxﬁ‘, [a, b] T FEH f 1 G T HAd S SRR S| IR

1
ﬁﬁaﬁwwjlx(xz—l)idx 1 == H ifaqers € #ifw & sfaud
1

[2,3] & 9 —1<x<1 o faAU f(x) = x(x* —1)2 5N AR Her f
TR e R ij(x) dx 1T T % =07 (Steps for calculating I:f(x)dx)

A weE [ f(x)dx S RIS AH AT T8 F(r) 81 GHERT SR

C & oF & STevashal 78l © HifF Al 89 F(x) % &M WE(x) + C R foar
F Al U e fw
j” f(x)dx=[F (x)+C]” =[F(b) + C] - [F(a) + C]=F(b) - F(a)

T4 YR Y= gHReE &1 9 9 i W Wes o fagw @l S 2l
[F ()], = F(b) - F(a) 917 FfST, 5t fow jjf(x)dx 1 HE R

579 T P I W FER w9 F
sarE Tl 28 Trefafead aehel &1 9F T Hifea)
5 ) 9 \/; 2 d.
szzdx (i) .[4 3 dx (i) Ilm
(30— x2)?
J‘OZSin32tcos2tdt

@iv)
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&l

() M < I=j23x2 dx & | it sz dx=%3=F(x)
Ty, fgdtar enemyd 799 9 &9 U € T

I=F(3)—F(2)=2—37—§=§
(ii) nﬁ?ﬁﬁm%hjj \/;3 dx HETIH EH THEhCH 1 SideTeshers] i i |
(30— x2)?

0w

2
30— x =tT@ﬁ‘W—§\/§dx=dt 3T \/;dx=—§dt

Jx 2car 2[1] 2| 1 |
T TR j—3dx=—§jt—2=3 =3 —[=F

(30 — x2)? (30— x2)
AT e 1 f5da eTurs v9a 9 g9 I

9
I=FO)-F)=2|——| _2[ 1 1 _E[LL}ZQ
3 ao_x| 3LG0-27) 30-8]73[3 22] 99

4

(i) m?ﬂﬁ@l:jz—x‘lx
x+1D) (x+2)

Ao =1 o1 AT Y g B9 U ® T
X -1 ) 2
(x+D)(x+2) x+1 x+2

xdx
Tgfe — - =1 1]+21 2|=F
[ ol w et 2iog| w42 =F

3Td: ko i fgdia STURYd 799 © &9 W € fF
[=F2)-F(1) =[-1log3 + 2 log4] — [- log2 + 2 log3]

32
=-31og3 + log2 + 2 log4 = log >
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T
(iv) = ef, 1=j04sin32tcos2tdt. 3 [sin’ 21 cos2 1 di W fom HiC
) 1
sin 2¢ = u W& W 2 cos 2t dt = du JUE cos 2t dt = E du
1d: Isin3 2tcos2t dt =l J.u3du
’ 2

%[ ]=%sm 2t = F(t)ﬂﬁ?ﬁﬁrrq
TAfT e i 5 sTuRyd = 9

T 1 .4 . 4
I=F(—)-F(0)=—=[sin"—-sin" 0] =—
(4) (0) 8[ 2 ]

| womaet 7.9 |
1 ¥ 20 I o g o FAfy=a gumerad 1 A9 J1d Sifsl
2
L[ a2 I—dx 3.0 [ (@x' -527 +6x+9) dx
n ™ S E:
4. I;siandx 5. _I.Ozcos2xdx 6. _[4€de 7. jgtanxdx
% 1 dx 1 dx 3 dx
8. Igcosecxdx 9. jom T O
ki 3 xdx 12x4+3 1 2
2 X
12, [Zeosxde 13 [, 5 fosogdr 15 Jxetar

T

2 5% 4 2 3
16. — 17. | *@2sec’x+x" +2)dx
Il xX°+4x+3 IO

19. ."26x+3

18. I (s1n —cos —) dx . .
X"+

1 . . Tx
20. Io(xe +s1nT)dx
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YT 21 T 22 H &l ST ] 997 HifC]

21. jﬁdxzwéz
U1+ x
N B 2 o x b *
A 3 ®) 3 © < ®) -
2dx
3 -

22. j04+9x2W%’
A = B) — ) — D) =
(A ¢ ®) - © 3 ®) 5

7.9 yfaeemus grr fHfvera wateRei &t 9w 71 T (Evaluation of Definite
Integrals by Substitution)

froet ofi=ssl o so eififyea Saeher 9 w6 &1 e fafusl &t ==t w5 2l
Affyerd qHmeher T S a1 Hewqul fafuel § e fafu i fafy 2

qﬁwmﬁfa@jjf(x)dx,wmamw¢mwwﬁw%f@a%:

1. "o o aR W wiwet o fo foEr e 3R y = £(x) SUEn x = g ()
yieenfya wifsre @fs fen g3 oo U A &9 § ufafda & s

2. GUTHA STER &t RN TRy fomn qu gdehed #1 AU =R % W g
FHifs)

3. AT =R o W W H: U $IET $iR SW H g W ok w9 H fafgu)

4, <O (3) W U SR HT qHhOH H1 < gE HHST W AE T1d FIfC 3R =9
o ot °9E W e i aret T T S Ja i)

=g fafr i dio s M o fore en fFrefefad R o 9 g )
RO (1) U (2) Wl HE o o€ RO (3) i B 1 AR Tl S| T8I
YA i T =R o &G H @I Sl & 3R THERH 1 HIH18T i 7T = o HaR
uRafdd w2 @d & @ifer &0 e eifom =Ror 1 fepan e Tk
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T 39 B9 ISEET ¥ g9 B
IETETTT 29 j_l15x4\/x5 +1 dx 1 9 @ i

TAr=x"+ 1, W W dt = 5% dx

22 2 2
RS TGlY ISx X +1 dx_jxfdt——zz—(x5+1)2
3 3
1 2 31
. 4 _Z 2
S [ 56+l = 267+ }1
il 3 3
=@ +D2 (=D’ +1)2
S|+ (&) )}
o[ 2 21 2 42
:—22_02 :_2\/§=—
3 } 3 @V==;

faehcud: Te9e g0 GHhe 1 WU Fd ¢ IR q9 Sad THehRe 1 T4

et o STER | A1 Hd B

m?ﬁm t=x+ 1.99 dt =5 x* dx 72 HIfSQ fH
x=—1dr=08R I x=1aMr=2

31?{ S-S x, — 1 ¥ | T YRafdd el € SH-o9" £, 0 ¥ 2 @ 9REfid el gl

TgfeTy ij x+1dx=jxﬁdt
-1 0
2
2120 212 2| 2 42
— = 2| ==22-02 | =22 ) =—2
Wsojltan xdxaﬂmsrmaﬁm|

0 142

T
ol U AT /= tan 'y, 99 df =—— dx .59 x=0?‘|)It=03ﬁ'{GlTle=lT‘|)ll=Z

1+x

m:éﬁ—éﬁx,oﬁlwvﬁaﬁﬁm%é@—éﬁw@%Wqﬁaﬁiﬁ@mél

2 4 2 2

1 tan~' x 4 1|= o

ELS| E_flll dx = tdt = —|—=-0|=—
IO 1+ x> '[ {2:|0 2{16 :| 32
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|[wgeTaett 7.10]
1 § 8 T o T9l FHREH! a1 A Gfaeemdd &1 ITAM d g F1d i

1 x T - 5 1, 4 2x
1. j0x2+1dx 2. [2\singcos’9do 3. [ sin [szjdx

2 LA
4. [ xVx+2dx (x4 2 = pfaEm) R

2 dx 1 dx 2( 1 1 2
6. 7. —_ 8. ———— |e™dx
'[0 x+4-x '[‘lx2+2x+5 Il[x 2x2j

Y99 9 WH 10 H FEl IW 1 =97 Hifog]
1
P (x=x)3
S
;X

(A) 6 (B) 0 <€ 3 (D) 4

9.w1sh—c1=rj dx 1AM B

10. I fx) = j;tsintdt,aﬁl f(x) &:
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx + xcosx

7.10 Tafyera wHEReH & &S TUTeH (Some Properties of Definite Integrals)

e gl o F® Hewqol UrE! w1 g9 A g w213 o o fafve
AR 1 A ST | 1 & H STAr gl

P [ fde=["r)di

P, : ij(x)dxz—jZf(x)dx,ﬁﬁ]W _[:f(x)dx=0

P,: [ fde=[" fde+ [ f()dx, a,b,c T e #
b b

P,: jaf(x)dx=jaf(a+b—x)dx

P, : I;f(x)dxzjoaf(a—x)dx (e <ifSig 6 P, P, 1 T Tafyre feufa ©)

4

P [ fde=[ f@)de+ [ f2a-x)dx
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P,: [ fde=2] r()de, 7R f2a—x)= /(x)
=0,3€ fQa-x)=-f(x)
PO j:f(x)dxzzj:f(x)dx,zlﬁf T TH HeH § S AR f(—x) =f (%)

7

(ii) j_“af(x)dx=0,m°<f T faum wer ® el A f(—x) = —f (x)

Teh-Teh h{ch B9 T TUEH! i SYU Hd 2l
P, St UK x = ¢ Ffwed T W W W B
P, ot SUUfH A SifSiT & £ 1 Wfdetesherst F 21 99 e & {5 sTeRyg

T Y T T E jjf(x)dx=F(b)—F(a)=—[F(a)—F(b)]=—j:f(x)dx,

7l on Sfd wW ¥ AR a=b @ [ f(0)de=0
P, SUufy oF e % f %1 Sfdeasha F g, 7@

jjf(x) dx = F(b) - F(a) (D
[*roodx =Fe) - Fa Q)
R jb f(x)dx = F(b) - F(c) )

(2) 3R (3) =1 et W BH R © fE

c b b
[ rdc+ [ f)de=Fb) - Fa) = [ f(x)dx

=59 o P, fag B
Pﬂﬁ?@ﬁrnﬁaﬁﬁm% t=a+b—x.dq9 dt =— dx. Sd x:a?ﬁl,t:bﬁ'{
Sd x=b 9t = q. AT

[Preyde =] fla+b-rar
- j:f(a+b—t)dt (P, ¥)

= ["r@+b-xax @, ®

P, &t U r=q - x AT R P,H e M AU 39 dr = — dx,
Sdx=a,t=0
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Pt 3UUf P, %1 ITAM & T &9 U € R

fozaf W dr = [ f(x) dx+j;” f(x)dx

TE T oF TR GHMRSH B 1 = 2a — x Uawenfud ST, 99 dr = — dx 3R &
x=a,?|79[t=a3ﬁ'{mx=2a, ﬁﬁt=03ﬁ'{x=2a—t9ﬂwmél
T TE qHRH

[ rear = ["rea-na

- j:f(za—t)dt - j:f(2a—x)dx e B R

S [ r@de= [ feyder [ f@a-x) dx

P S SUUTH P_, &1 STANT i T BH UM € 6
[ X r@de = [ r@des] r@a-x ()

a9 Afg fQa—-x) =f),d (1) Fefafaa w9 o afafda 8 s @
jozaf(x)dxz [ireyac+] | peoydxe=2] " r(x)dx

AR =g fQa-x)=—f(x),d@ (1) FEfafad w9 § yRafda & s @
jj“f(x) de= [ f e[ fdr=0

P, st Suufe

P, 1 T W g EH WA E [ fde= [ f@de+] fde

T U o YUH THh H £ = — x W T
dt=—dx & x=—q @9 t=q 3R S x=0,79 =0 3 x=—¢ 9 Y 2w 2

Bl [© Fydx = [° reoac+| ! @ ax

=j:f(-x)dx+j:f(x)dx (P, @) (D)
() 39 9f% f T §H Ted & a9 f(—x) =f () @ (1) ¥ 9 g ¢ fo

j_aaf(x)dx=.[:f(x)dx+j:f(x)dx=2j:f(x)dx

2019-20



360 RIRIG]
i) 7 f oo wer & W@ = f() @ (D) F I
[* rwde==] fde+ | fdr=0
sarerer 31 [ |2~ x|dy %1 W T

T BH A R R [—1,0] W P —x>03W[0, WA —x<03W[1,2] W x-x>0
9 &9 forg 9ehd © T

’ X —x|dx = 0(363—)c)a7x+ 1—(363—)c)dx+ 2(363—)c)dx P9
Jol e -xlar= ] J, J (P, %)

=[P an [ -ty de+ [P0 - dx

X4 X2 ’ X2 X4 : X4 X2 ’
_| == === ==
14 2 » 2 4 0 4 2 X

FETERUT 32 [ 4 sin®xdy H AR I FA

4
Tl B9 fd i B T sin? x T 99 Fer B

T

Tgfae Ii sin” x dx = 2J-02sin2xdx [P, (HF]

IS

= 2j01(1_0—‘2’82x)dx = jf(l—cos 2x)dx

[on Je(motgm) ,om 1
—[x—asmbc} D > 1 5

0
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e 33 | ﬂd 1 AF T FI
0 1+cos® x
T xsinx © (T—x) sin (T— x) dx
e oifse f& 1= = P9
e '[01+cos X IO 1+ cos?(m—x) (P, )
n (T—x) sin x dx sin x d.
omsnxds p TSR
0 1+cos™ x 01+cos“x
)l J-n sin x dx
S - 0 1+cos’ x
— __J‘n sin x dx
0 1+cos’ x

cosx = W@ W —sin x dx =dt
Grerx=oaaz=1aﬁ1mx=naat=—1%|3¥rm%qqﬁ%ﬁs

- -l dt
= ()
2 91 144? 14>
1 dt 1
BT S T T (P, #)

tan"'¢] =nftan '1—tan" 0] =7 | = 0—Jt2

ﬂ:[an t]o—n[an —tan ]_n Z— _T
1

3QTEYUT 34 I_l sin® x cos* x dx 1 AM @ KIS

1
Fol O ofifee fof 1= J._lsinsxcos4xdx AR £(x) = sin’ x cos* x

dd f(—x) = sin® (- x) cos* (- x) = — sin’ x cos* x = — f (x), 3:[941%1 JA D a9 wem
T @l 1= 0[P, (i) ¥]

4
sin” x
_ dx 1 HH 1A FHiS
0 gin* x+cos* x

Wssj

T

. 4
T AW R 1= [P (D)

0 gin* x+cos* x
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. 4,
simm (——Xx
(2 )

dx (P4 @)

GE Izj
. 4, 4, T

sSin " (——x)+cos (——x

(2 ) (2 )

T 4
B cos” x
Sl T I .2
IO cos* x+sin’ x @
(1) 3 (2) 1 g W eH 9 ¢
_[E sin x+ cos* xd szx [x]i_E
sin® x + cos” x 0o 2
HAd: 1=E
4

T

3qlgldl 36
'[“ 1+«/tanx

7'[

1 HE G hifSTl

cos x dx
. (D)

Fﬁﬁqﬁ; — A
A = I 1+x/tanx I x/cosx+\/sinx

cos E+E—x dx
3 6

T T . T T

cos| —+——x |+ [sin| —+——x

J (36 Jr o 5+2-)

J- s1nx __Nsinx o O
sin x ++/cos x

(P, ®)

-]

LI

(1) sl (2) # St woEw ww F o= [ Jdv=[d) =22 =2
R
T

3HAd: I=
12

SATEIUT 37 J-Oglog sin x dx @1 A F@ hifeg)

Tl HH ofiftee fom Izj.flogsinxdx

GE] I= J-OE logsin[g—xjdxzjozlogcosxdx (P4@)
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I, 3 <l HH ol Sied W EH UM ©

20 = jf(log sin x + log cos x) dx

©la

= .[0 (log sin x cos x +log 2—log2) dx (log2 g™ Td =ZH W)

I T

= J‘Oalog sin 2x dx—jflOgde (F17)
. T
YoH GHR B 2x =T W 2dx=dt 518 x =07l ¢ =0 3 x=§Fﬁt=ﬂ:

Ipn : T
HfeTU 2I=E.|.Ologs1ntdt—510g2
T
—Ejalogsintdt—510g2 [P, ¥ wHlfeh sin (1 - 1) = sin 1)
=50 7 : sin (T — 1) = sin
7 T
=.[0210gsinxdx—510g2 (ﬁ'{taﬁ xﬁqﬁaﬁﬁaﬂﬁm)
T
=I——log?2
5 g
T

2log si -T
37 IO log sinx dx = 3 log2

|[woaraett 7.11]

fafeea TRl oh TOTHET 1 SUART ¥ g 1 | 19 T o I H FHReH! 1AM
1A ST

3
T N T . A
5 J-g Vsinx A 3 J‘g sin? x dx
D Lo Y oAt
. N . 3 3
0 /sin x ++/cosx 0

sin? x+cos? x

0l a

1. j cos® x dx
0

> cos’xdx 5 8
4. Iozm 5. J.75|X+2|dx 6. j2|x—5|dx
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T
1 n — 2
7. J.Ox(l—x) dx 8. j0410g(1+tanx)dx 9. J.Oxx/2—xdx
T T
10. I02(210gsinx—logsin2x)dx 11. jfnsinzxdx
2
n xdx § .7 m s
2. : 13. [ 2 sin’ xdx 14. [ cos’ xdx
01+sinx ;2“ 0
T
5 sinx—cosx x «  Ax
15. [?——"—adx 16. log 1+cosx)dx 17. | —=——=dx
-[0 1+ sin x cos x '[0 gl ) '[0\/;+\/a—x

18, [ x=1ldx

19, wwiee & [ f0g@ode=2 [ f(x)dx, 3R f 3 g F f(x) = fla - x)
g(x)+g(a—x)=4av‘ ®y ¥ gRefyd fowar = %I
Y99 20 TH 21 H Tl IW HT =99 Hifom|

T
20. J_Zn(x3+xcosx+tan5x+l) dx T HH 2

2

(A) 0 B) 2 (O D) 1
21. J‘zlog(wJ dx 1AM 2
0 4+3cosx
3
(A) 2 B) 7 © 0 (D) -2
fafaer 3qrgvor

ISTEIUT 38 Icos 6x \/1+sin 6x dx Fd HifSQ
T =1 + sin 6x, T W df = 6 cos 6x dx

1
g‘g‘fa‘q Jcos 6x+/1+sin 6x dx = %J-tzdt

1 2 2 1 3
=—Xx—=(1)2+C= =(1+sin 6x)> +C
6 3 9
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1

SaTETIT 39 _f(x4 _Sx)4 dx T I

X

L Ly
W%ﬂwm%mj(x —5x)4dx=j E ”
X

4
X

o l‘iﬁl—x”:t,r@ﬁ ‘T{%dx=dt
X x
1 Lo
zafere ( 4 _ )4 B 1
jx xsx dx = gjf4 dt
5 3
=—x—t4+C=i(1_ij4+C
15 X
J‘ x* dx
SR A0 S T P EIRCIIE
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= (x+1)+;
= DD (D
1 A Bx+C ) .
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T el o Ol ! el i WEH U € T A+B=0,C-B =023
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A, BT C&1 AF (2) ¥ gfceenfyd 1 W 89 U @ f%

1 _ 1 x 1
(=D (2+1) 2x-1) 22+ 2(x2+1) .. (3)
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(3) &1 (1) § gfaeenfod 9 W 89 94 © &

x* 1 1 x 1

—(x+1 _L _
DR ST ) T2 @ ey 22 e

BRI

4 2
1 1 1
I x2 dxzx—+x+—log|x—1|——10g(x2+1)——tan’
x-Dx"+x+1) 2 2 4 2

'x+C

ISR 41 J[log (log x) + ]dx BISEEIIEIY

(log x)*

1
T HE g I—_[ {log (logx)+ (logr)’ } dx

1
(log )

ST, GUH AR § 1 I fgdid Tl o ®9 § oid &1 79 Te3: GHhe 9 89
Id € TR

dx

_ [log (logx)dx+ |

1 J-dx

= xlog (logx)— X dx +
[= xlog(logx)- [ .

x log x

dx +J- dx

— xlog (logx) —j (log.)”

fog x .. (1)

d.
T IIOQX,WWW,IﬁWWQFWﬁW&ﬁIW:

fofer gr1 THmher HIfST, 39 YR &9 U © 6

dx x 1 1
-[logx - [logx_Jx{_ﬂmg—x)z(;)} dx:| - )

Q) F (1),% W@ WET I

xJ~dx+J‘dx

I= xlog (logx)—
g (log) (logx)? 9 (logx)?

log x -

= xlog (log x) % 4cC
log x
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ISTEITT 42 j[ cotx + tanx]dxsn-cr Ealiiy

Tl B9 UM © TR Izj[ cotx + tanx}dx=I\/tanx(1+cotx)dx

Aq tan x = 22, W W sec?x dx = 27 dt
2t dt
A dx = 7
1+1¢
1 2t
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I( t2)(1+t4)
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= 25— o dr=2 | (t2+1) =2
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1 1
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1
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3
ISR 44 I_21|xsm(“)|dx 1AM G IS |
xsinmx,—1<x <1 fag

F RIS ) = |x sin nx| - —XxsinT x 1<x<§$1\?1'q
T2

3 3

5 . 1 . B .
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3
1 . - .
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3
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x dx
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x dx _J-n (m—x)dx
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ot A i 1= ||

0 g cos® x+b’sin® x

(P ITEM W)

J‘n x dx

TCJO 0 22 2.2
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m [ = -1
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T dx

2 2 2 .2
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dx

Ten dx
1=5J'

dx

T
_T .[5
0 g®cos® x+b’sin’x 2 0 g cos® x+b*sin’ x

(P, % IWAM ¥)

2

n
n ]£ dx N
0 a® +cos? x+b? sin’ x

B[ 03

cosec? xdx

a® cot® x+b>

E

t sec’ xdx
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0
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1 0
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e 7 ¥ fafaey goraet
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1
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xax—x )]

1 . 1 1
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Cos x sin® x —cos® x 1
V4 —sin’x 10. 1—2sin* x cos® x 1 cos (x+a) cos (x+b)
x° e’ 1
12 = B treyarey M Prna e
15. cos’x eloesinr 16. el (x* + 1)! 17.  f’(ax + b) [f(ax + b)]"
18 1 19 sin”'v/x —cos 1\/_ ( 0. 1)
. . T C X e
|Jsin® x sin (x+00) sin™'vx+cos™ Vx
20 1-+x 21 2+sin 2x 55 x4+ x+1
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29 Il dx
dx . —
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0 9+16sin2x

©la

dx
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31. j
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1
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T
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T
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38. j042tan3xdx=1—10g2 39.Ios1n 1xdx=5—1

2019-20



HHTh T 371

40. aﬁwaﬁ%ﬂmé\swﬁj;ez‘“dxwmmaﬂm|
419 44 9% ok Y W HEl ST HT FI9 Hifd|

41.j W e d

e'+e”
(A) tan! (&%) + C (B) tan (¢~) + C
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42. joz dx TR B
(sinx+cosx)
-1
Ay —+C (B) loglsinx+cosx|+C
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1

(C) loglsinx—cosx|+C (D) m

43, AR F(a+b—x)=f (), @ j:xf(x) dx TR &

a+b
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FS UTHITUTEh HHTReTT
xn+1
() [x'dx="—+C, n#- 1 fafmeq: [de=x+C
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1
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) dx 1 - de
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() jtanxdx=log|secx|+C (i) jcotxdx=log|sinx|+C
(iii) jsecxdx=log|secx+tanx|+c

@iv) jcosecx dx =log | cosecx —cotx | +C
¢+ o fafyre werl o wuTwRe™

X—a
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el o U 1 THRE = YeH e x fgdid %ol 1 Fueher — { e
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ax’> + bx + ¢ = a{x2+éx+£}=a (x+£) i E—b—z
a a 2a a 4da
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